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V� 1*�×

"�Ç̧Ð

• �<Æ_þv3lq³ð

. ·ú��¦o�7£§_�[O�>�(design)~½ÓZO��̀¦C�î�r��.

. ·ú��¦o�7£§_�ì�r$3�(analysis)�#�>�íß�4�¤ú̧��̧\�¦ ½̈���H~½ÓZO��̀¦C�î�r��.

. ë�H]j\�@/ô�Ç>�íß�4�¤ú̧��̧(computational complexity)\�¦/BNÂÒô�Ç��.

• áÔ�ÐÕªÏþ�[O�>�õ�&ñ


---- ªÍå¡» -------- ³µªÍÞ( ¨ÖáªÍÞ) ¬» --------
§Öá¹ -------> ¬Éå¡¼¦ÈÛí ---------------> §ÉáÑÞ? ------> ²Æ¦¼¡Æ¦Êí
---- -------- | --------

ˆ | ¬ £́È¬¼
| |
\________________________/

¤ ª́È ªÍå¡»

V� 1â�
 N±Ó�§h�¤æ̧
• Ça��+ 1.1:N±Ó�§h�¤æ̧(Algorithm) -ë�H]j\�@/ô�Ç²ú��̀¦¹1Ôl�0AK�"f>�íß����H]X�	�\�¦·ú��¦o�7£§s����¦ô�Ç��.��r� ú́�����,

. éß�>�Z>��ÐÅÒ_�U�·>�[O�>��)a>�íß�õ�&ñ


. {9�§4��̀¦~ÃÎ��"fØ�¦§4�Ü¼�Ð���8̈�r�&�ÅÒ��H{9�º��_�>�íß�]X�	� (computational steps)

• �Ðl�

. ë�H]j(problem):����o��� ñÂÒ\�"f “<�ªU�́1lx”s�����H��|ÃÐ_�s�2£§¹1Ôl�

. ·ú��¦o�7£§(algorithm):

1. í�H	����Ò�o(sequential search):'Í	Aá¤ÂÒ'�<�ªU�́1lxs�����Hs�2£§s����̀¦M:��t�í�H"f@/�Ð¹1Ô��H��.

2. Ãº&ñ
�)a s�������Ò�o(modified binary search):����o��� ñÂÒ��H ������ í�HÜ¼�Ð ÷&#Q e��Ü¼Ù¼�Ð ���$� “�”s� e���̀¦
ëß�ô�Ç/BMÜ¼�Ð�Å����:rÊê·ú¡+'�Ð+'&h�#��� 9¹1Ô��H��.

. ì�r$3�(analysis):#Q�"�·ú��¦o�7£§s��8a%~�Ér��?

1.1 %K�V��+ Ø̧e�
• ë�H]j\�¦³ðl����HX<�9¹כ�ô�Ç���½Ó

. ë�H]j(problem):²ú��̀¦¹1Ô�¦��ÅÒ��H|9�ë�H

. B�>h���Ãº(parameter):ë�H]j\�¦[O�"î
���Hõ�&ñ
\�"f#Q�"�:£¤&ñ
ô�Ç°úכs�t�&ñ
÷&#Qe��t�·ú§�Ér���Ãº(variable)

. ë�H]j_���YV(instance) ={9�§4�(input):ë�H]j\�ÅÒ#Q���B�>h���Ãº\�#Q�"�:£¤&ñ
°ú̀�כ¦t�&ñ
ô�Ç�	כ

. ��YV\�@/ô�ÇK�²ú�(solution) =Ø�¦§4�(output):#Q�"���YV\�@/�#�ë�H]j\�_�K�"f]jl��)a|9�ë�H\�@/ô�Ç²ú�

• �Ðl�:���Ò�o(Searching)

. ë�H]j: n>h_�Ãº(number)\�¦�����o�Û¼àÔ S\� x����HÃº��e����Ht����&ñ
�r��̧.²ú��Ér x�� S\�e��Ü¼��� “\V”, ÕªXO�t�·ú§
Ü¼��� “��m��̧”.

. B�>h���Ãº: S(o�Û¼àÔ), n(Sîß�\�e����HÃº_�>hÃº), x(¹1Ô�¦�����H�½Ó3lq)

. {9�§4�_�\V: S= [10,7,11,5,13,8], n = 6, x = 5

. Ø�¦§4�_�\V: “\V”

7
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1.2 N±Ó�§h�¤æ̧�+ Ø̧e�
• �����#Q(%ò
#Q ¢̧��Hô�Ç/åJ)

• áÔ�ÐÕªA�bç
���#Q: C, C++, Java, ML1px

• _����ï×¼(pseudo-code):f��]X�z�́'��½+ÉÃºe����HáÔ�ÐÕªA�bç
���#Q��H��m�t�ëß���_�z�́]jáÔ�ÐÕªÏþ�\���¾ú�>�>�íß�õ�&ñ
�̀¦
³ð�&³½+ÉÃºe����H���#Q (·ú��¦o�7£§�Ér�Ð:�x_����ï×¼�Ð³ð�&³ô�Ç��) -#�l�"f��H C/C++\�����î�r_����ï×¼\�¦��6 x�<Ê

1.3 �×e�: ~É�aËc�e�

1.3.1 'K�	�~É�aËc(Sequential Search)N±Ó�§h�¤æ̧

• ë�H]j:ß¼l��� n���C�\P�(array)S\� x��e����H��?

• {9�§4�(B�>h���Ãº): (1)�ª�Ãº n, (2)C�\P� S[1..n] , (3)¹1Ô�¦�����H�½Ó3lq x

• Ø�¦§4�: x�� S_�#Qn�\�e����Ht�_�0Au�.ëß���� x�� S\�\O������ 0.

• ·ú��¦o�7£§(�����#Q): xü<°ú �Ér�½Ó3lq�̀¦¹1Ô�̀¦M:��t� SC�\P�\�e����H �̧��H�½Ó3lq�̀¦	�YV�Ðq��§ô�Ç��.ëß�{9� xü<°ú �Ér�½Ó3lq�̀¦
¹1ÔÜ¼��� SC�\P��©�_�0Au�\�¦?/ÅÒ�¦, S\�e����H �̧��H�½Ó3lq�̀¦�������¦�̧¹1Ôt�3lw���� 0�̀¦?/ï�r��.

• ·ú��¦o�7£§(_����ï×¼):

void seqsearch(int n, // ¬Ýî¦ÏÞ (1)
const keytype S[], // (2)
keytype x, // (3)
index& location) // Öå¦ÏÞכ

{
location = 1;
while (location <= n && S[location] != x) // (A)

location++;
if (location > n) // (B)

location = 0
}

• �̧|	�ë�H_�_�p�

– (A) :��f�������½+É�½Ó3lqs�e���¦, x\�¦¹1Ôt�3lwÙþ¡��?

– (B) : �̧¿º������%i�Ü¼�� x\�¦¹1Ôt�3lwÙþ¡��?

• �'a¹1Ï���½Ó:s�·ú��¦o�7£§Ü¼�Ð#Q�"��½Ó3lq(key)̀�¦¹1Ôl�0AK�"fC�\P� S\�e����H�½Ó3lq�̀¦Y>�>h�����Ò�oK������H��?s���H¹1Ô�¦
�����H�½Ó3lqs�#Qn�\�0Au���¦e����H��\�²ú��9e����xt�ëß�,þj���_��â
Äº,7£¤,¹1Ô�¦�����H�½Ó3lqs� S[n] \�0Au���¦e��
����,��\V\O���H�â
Äº\���Hþj�èô�Ç n>h��H���Ò�oK���ô�Ç��.

• 7á§�8��ØÔ>�¹1Ô�̀¦Ãº��H\O��̀¦��?��z�́�8s��©�À1Ïo�¹1Ô�̀¦Ãºe����H·ú��¦o�7£§�Ér�>rF��t�·ú§��H��.�=������C�\P� S\�[þt
#Qe����H�½Ó3lq[þt\�@/ô�Ç&ñ
�Ð�����)�\O���H�©�S!�\�"f��H �̧��H�½Ó3lq�̀¦���Ò�o�t�·ú§�¦e��_�_��½Ó3lq x\�¦�½Ó�©�¹1Ô�̀¦Ãºe����
��H�Ð�©��Ér\O�l�M:ë�Hs���.Õª�Q����6£§]X�\�"fü<°ú s�ëß����C�\P� S��s�p� �̧2£§	�í�HÜ¼�Ð&ñ
§>=(sorting)÷&#Qe����H�â
Äº
\���H7á§�8���Érr�çß�îß�\����Ò�o½+ÉÃº��e����.

1.3.2 l�&P�~É�aËc(Binary Search)N±Ó�§h�¤æ̧

• ë�H]j:ß¼l��� n���&ñ
§>=�)aC�\P�(array)S\� x��e����H��?

• {9�§4�(B�>h���Ãº): (1)�ª�Ãº n, (2)C�\P� S[1..n] , (3)¹1Ô�¦�����H�½Ó3lq x

• Ø�¦§4�: x�� S_�#Qn�\�e����Ht�_�0Au�.ëß���� x�� S\�\O������ 0.

• ·ú��¦o�7£§:

void binsearch (int n, // ¬Ýî¦ÏÞ (1)
const keytype S[], // (2)
keytype x, // (3)
index& location) // Öå¦ÏÞכ

{
index low, high, mid;

low = 1; high = n;
location = 0;
while (low <= high && location == 0) { // (A)

mid = (low + high) / 2;
// ÍòªÁ £ £́ÁªÎí ( £´§ ̧È ¨¸¦Ýí)

if (x == S[mid])
location = mid;

else if (x < S[mid])
high = mid - 1;

else
low = mid + 1;

}
}
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• �'a¹1Ï���½Ó: �̧|	�ë�H_�_�p�

– (A) :��f�������½+É�½Ó3lqs�e���¦, x\�¦¹1Ôt�3lwÙþ¡��?

• �'a¹1Ï���½Ó: s� ·ú��¦o�7£§Ü¼�Ð #Q�"� �½Ó3lq(key)̀�¦¹1Ôl� 0AK�"fC�\P� S\� e����H �½Ó3lq�̀¦ Y>�>h�����Ò�oK��� ���H��?s� �â
Äº
while ë�H�̀¦Ãº'��½+ÉM:�������Ò�o@/�©�_�8úxß¼l���ìøÍm��y���è�l�M:ë�H\�þj���_��â
Äº���̧ lgn+1>hëß����Ò�o�����)a
��.

1.3.3 j�¬̈: 'K�	�~É�aËc7�l�&P�~É�aËc

• ��A�³ð\�"f �̂¦Ãºe��1pws�,C�\P�_�ß¼l���&�|9�Ãº2�¤¿º·ú��¦o�7£§_����Ò�oS��Ãº_�	�s���Hß¼>�ZO�#Q�����.

¨µ¬Ïå¬Ç °Æ¡È ªÖáכ ¡́ÍíªÊÞ ¬È̈Öá¡ÍíªÊÞ
n n lg n + 1 ÉÞ¬Ç¬¿כ ¡Ïò¬Á

128 128 8
1,024 1,024 11

1,048,576 1,048,576 21
4,294,967,296 4,294,967,296 33

1.4 �×e�: n£U>G1q��×��w�ÊÁÄ©�e�

1.4.1 q��×��w�(Fibonacci)ÊÁá~
�+Ça��+

f0 = 0
f1 = 1
fn = fn−1 + fn−2 for n≥ 2

\V: 0,1,1,2,3,5,8,13,21,34,55,89,144,233,377,610,987,1264, · · ·

1.4.2 bCÉÙ��̧(recursive)'�×ß��

• ë�H]j: n���P:x��Ð��~�Ãº\�¦ ½̈�r��̧.

• {9�§4�:�ª�Ãº n

• Ø�¦§4�: n���P:x��Ð��~�Ãº.

int fib (int n)
{

if (n <= 1)
return n;

else
return fib(n-1) + fib(n-2);

}

• �'a¹1Ï���½Ó:0A_�·ú��¦o�7£§�ÉrÃº'��5Åq�̧��B�ÄºÖ¼o���(inefficient).�=������,°ú �Érx��Ð��~�Ãº\�¦×�æ4�¤�#�>�íß��l�M:
ë�Hs���.\V\�¦[þt���, fib(5) \�¦>�íß�½+ÉM: fib(2) \�¦ 3���×�æ4�¤�#�>�íß�ô�Ç��. fib(5) \�¦>�íß����HX< fib �<ÊÃº\�¦ÂÒØÔ
��HS��Ãº\�¦>�íß��l�0AK�"f��H�§F� 14Aá¤_�ÕªaË> 1.2ü<°ú s�÷&ÂÒ2£§��Áº(recursion tree)\�¦Õª�9"fÕª��n�(node)_�>hÃº
\�¦[j#Q�Ð����)a��. T(n)�̀¦ fib(n) �̀¦>�íß��l�0AK�"f fib �<ÊÃº\�¦ÂÒØÔ��HS��Ãº,7£¤,÷&ÂÒ2£§��Áº�©�_���n�_�Ãº���¦
����,��6£§õ�°ú s�>�íß�½+ÉÃºe����.

T(0) = 1;
T(1) = 1;
T(n) = T(n−1)+T(n−2)+1 for n≥ 2

> 2×T(n−2) sinceT(n−1) > T(n−2)
> 22×T(n−4)
> 23×T(n−6)
· · ·
> 2n/2×T(0)
= 2n/2

• Ça�h� 1.1: 0A_� ·ú��¦o�7£§Ü¼�Ð ½̈$í
ô�Ç ÷&ÂÒ2£§��Áº_� ��n�_� Ãº\�¦ T(n)s����¦ ����, n≥ 2��� �̧��H n\� @/K�"f T(n) >
2n/2s���.

7£x"î
: n\�@/K�"fÃº�<Æ&h�)±ú�ZO�(mathematical induction)Ü¼�Ð7£x"î


)±ú�Ø�¦µ1Ï&h�(induction base):
T(2) = T(1)+T(0)+1 = 3 > 2 = 22/2

T(3) = T(2)+T(1)+1 = 5 > 2.83≈ 23/2

)±ú���&ñ
(induction hypothesis):2≤m< n��� �̧��Hm\�@/K�"f T(m) > 2m/2����&ñ
.
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)±ú�]X�	�(induction step):T(n) > 2n/2e���̀¦�Ð#���ô�Ç��.

T(n) = T(n−1)+T(n−2)+1
> 2(n−1)/2 +2(n−2)/2 +1 )±ú���&ñ
\�_��#�
> 2(n−2)/2 +2(n−2)/2

= 2×2(n/2)−1

= 2n/2

1.4.3 ð5�¡�́�\�(iteration) '�×ß��

• ë�H]j: n���P:x��Ð��~�Ãº\�¦ ½̈�r��̧.

• {9�§4�:�ª�Ãº n

• Ø�¦§4�: n���P:x��Ð��~�Ãº.

int fib2 (int n)
{

index i;
int f[0..n];

f[0] = 0;
if (n >0) {

f[1] = 1;
for (i = 2; i <= n; i++)

f[i] = f[i-1] + f[i-2];
}
return f[n];

}

• �'a¹1Ï���½Ó:ìøÍ4�¤&h�·ú��¦o�7£§�ÉrÃº'��5Åq�̧����ØÔ��(efficient).�=������,÷&ÂÒ2£§·ú��¦o�7£§õ���H²ú�o�×�æ4�¤�#�>�íß����H
�â
Äº��\O�l�M:ë�Hs���.>�íß����H�½Ó_�8úxÌ�	Ãº��H T(n) = n+1s��)a��.7£¤, fib2(n) �̀¦>�íß��l�0AK�"f��H f[0] ÂÒ'�
f[n] ��t�ô�Ç���m��ëß�>�íß������)a��.

• �'a¹1Ï���½Ó:�§F� 16Aá¤_�³ð 1.2\�0A_�¿º·ú��¦o�7£§_�Ãº'��r�çß��̀¦q��§K�Z�~��¤��.

V� 2â�
 N±Ó�§h�¤æ̧&P��7�: k�ë5Ñ¡�́O±Õ�¿&P��7�
• ·ú��¦o�7£§ì�r$3�(analysis of algorithms)s�êøÍ? -{9�§4�ß¼l�\�����"fl��:r1lx���s�Y>����Ãº'��÷&��Ht�\�¦���&ñ
���H]X�	� [=r�
çß�4�¤ú̧��̧(time complexity)ì�r$3�]

2.1 k�ë5Ñ¡�́O±Õ�¿��· Ø̧«Å��ÐM�PL!�
³Àø5�����¿
• l��:r1lx���(basic operation):q��§ë�H,t�&ñ
ë�H(assignment statement)1px

• {9�§4�ß¼l�(input size, parameter):C�\P�_�ß¼l�,o�Û¼àÔ_�U�́s�,'��§>=\�"f'��(row)ü<\P�(column)_�ß¼l�,��Áº½̈�̧(tree)\�
"f��n�(vertex)_�Ãºü<��t�(edge)_�Ãº1px

2.2 &P��7�'�×ß���+¤4 ÇÚ
• �̧��H�â
Äº\�¦�¦�9ô�Çì�r$3�(every-case analysis)

. �̧��H�â
Äº\�¦�¦�9�#�ì�r$3�ô�Ç4�¤ú̧��̧(complexity)��H��6£§_�$í
|9��̀¦�������. “{9�§4�_�ß¼l�ü<��H�'aº��s�e���¦(dependent),
{9�§4�_�°úכõ���H�'aº��s�\O���(independent).”

. l��:r&h����1lx���s�Ãº'��÷&��HS��Ãº��H{9�§4�_�°úכ\��©��'a\O�s��½Ó�©�{9�&ñ
���.

• þj���_��â
Äº\�¦�¦�9ô�Çì�r$3�(worst-case analysis)

. þj���_��â
Äº\�¦�¦�9�#�ì�r$3�ô�Ç4�¤ú̧��̧��H��6£§_�$í
|9��̀¦�������. “{9�§4�_�ß¼l�ü<�̧�'aº��s�e���¦(dependent),{9�
§4�_�°úכõ��̧�'aº��s�e����(dependent).”

. l��:r&h����1lx���s�Ãº'��÷&��HS��Ãº��þj@/����â
Äº\�¦×þ�ô�Ç��.

• î̈
ç�H&h�����â
Äº\�¦�¦�9ô�Çì�r$3�(average-case analysis)

. î̈
ç�H_� �â
Äº\�¦ �¦�9�#� ì�r$3�ô�Ç 4�¤ú̧��̧��H “�̧��H {9�§4�\� @/K�"f ·ú��¦o�7£§s� l��:r 1lx����̀¦ Ãº'�����H S��Ãº_� î̈

ç�H(l�@/u�)s���.”

. y��{9�§4�\�@/K�"fSX�Ò�¦�̀¦½+É{©�½+ÉÃº�̧e����.

. þj���_��â
Äº\�¦�¦�9ô�Çr�çß�4�¤ú̧��̧ì�r$3��Ð��@/�̂�Ð>�íß��l���4�¤ú̧����.

• þj���_��â
Äº\�¦�¦�9ô�Çì�r$3�(best-case analysis)

. þj���_��â
Äº\�¦�¦�9�#�ì�r$3�ô�Ç4�¤ú̧��̧��H �̧��H{9�§4�×�æ\�"f·ú��¦o�7£§s�þj�è�Ðl��:r1lx����̀¦Ãº'�����HS��Ãºs�
��.
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2.3 �×e�: :�á~
(Array) Á'û�g

2.3.1 N±Ó�§h�¤æ̧

• ë�H]j:ß¼l��� n���C�\P� S_� �̧��HÃº\�¦�8�r��̧.

• {9�§4�:�ª�Ãº n,C�\P� S[1..n]

• Ø�¦§4�:C�\P� S_� �̧��HÃº_�½+Ë

number sum (int n, const number S[])
{

index i;
number result;

result = 0;
for (i = 1; i <= n; i++)

result = result + S[i];
return result;

}

2.3.2 k�ë5Ñ¡�́O±Õ�¿&P��7� I

• l��:r1lx���: »	!lr

• {9�§4�_�ß¼l�:C�\P�_�ß¼l� n

• �̧��H�â
Äº\�¦�¦�9ô�Çr�çß�4�¤ú̧��̧ì�r$3�:C�\P�\�#Q�"�Ãº��e����Ht�\��©��'a\O�s� for-Ð�r[�ts�(loop)�� n���ìøÍ4�¤�)a��.Õªo��¦
y��Ð�r[�ts����� »	!lrs� 1�rÃº'���)a��.����"f n\�@/K�"f »	!lrs�Ãº'��÷&��H8úxS��Ãº��H T(n) = ns���.

2.3.3 k�ë5Ñ¡�́O±Õ�¿&P��7� II

• l��:r1lx���:t�&ñ
ë�H - for-Ð�r[�ts�_�'����@/{9�ë�H�í�<Ê

• {9�§4�_�ß¼l�:C�\P�_�ß¼l� n

• �̧��H�â
Äº\�¦�¦�9ô�Çr�çß�4�¤ú̧��̧ì�r$3�:C�\P�\�#Q�"�Ãº��e����Ht�\��©��'a\O�s� for-Ð�r[�ts��� n���ìøÍ4�¤�)a��.����"ft�&ñ

ë�Hs� T(n) = n+n+1���Ãº'���)a��.

2.3.4 ®̧�P±Ó��/�×

• 0A\�"fl��:r1lx����̀¦��ØÔ>�4�§Ü¼�Ð"fr�çß�4�¤ú̧��̧�� ��ØÔ>���M®o��.Õª�Q����z�́�ÉrÑüt��°ú �Ér4�¤ú̧��̧ 
�_��¦o�\�5Åq
ô�Ç���¦ú<�̧�)a��.��[jô�Ç���½Ó�Ér+'\�	�Ãº(order)\�¦C�Ö�¦M:��ÀÒ>��)a��.

2.4 �×e�: ¬̈».ÉÇa�Ý~
(Exchange Sort)

2.4.1 N±Ó�§h�¤æ̧

• ë�H]j:q�?/aË>	�í�H(nondecreasing order)Ü¼�Ð n>h_�v�(key)\�¦&ñ
§>=

• {9�§4�:�ª�Ãº n,C�\P� S[1..n]

• Ø�¦§4�:q�?/aË>	�í�HÜ¼�Ð&ñ
§>=�)aC�\P� S

void exchangesort (int n, keytype S[])
{

index i,j;

for (i = 1; i <= n-1; i++)
for (j = i+1; j <= n; j++)

if (S[j] < S[i])
exchange S[i] and S[j];

}

2.4.2 k�ë5Ñ¡�́O±Õ�¿&P��7� I

• l��:r1lx���: �̧|	�ë�H - S[j] ü< S[i] \�¦q��§���H1lx���

• {9�§4�_�ß¼l�:&ñ
§>=½+É�½Ó3lq_�Ãº n

• �̧��H�â
Äº\�¦�¦�9ô�Çr�çß�4�¤ú̧��̧ì�r$3�: j-Ð�r[�ts���Ãº'��|̈cM:����#Q*�ô�Ç�â
Äº\��̧ �̧|	�ë�Hs� 1���m��Ãº'���)a��.����"f
�̧|	�ë�Hs�Ãº'��÷&��H8úxS��Ãº��H��6£§õ�°ú s� ½̈½+ÉÃºe����.

i = 1{9�M:, j-Ð�r[�ts� n−1���Ãº'��
i = 2{9�M:, j-Ð�r[�ts� n−2���Ãº'��
i = 3{9�M:, j-Ð�r[�ts� n−3���Ãº'��
· · ·
i = n−1{9�M:, j-Ð�r[�ts� 1���Ãº'��
����"f T(n) = (n−1)+(n−2)+(n−3)+ · · ·+1 = (n−1)n/2
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2.4.3 k�ë5Ñ¡�́O±Õ�¿&P��7� II

• l��:r1lx���:�§8̈����H1lx��� - exchange S[i] and S[j]

• {9�§4�_�ß¼l�:&ñ
§>=½+É�½Ó3lq_�Ãº n

• þj���_��â
Äº\�¦�¦�9ô�Çr�çß�4�¤ú̧��̧ì�r$3�: �̧|	�ë�H_����õ�\�����"f�§8̈����H1lx���s�Ãº'��|̈cÃº�̧e���¦,ÕªXO�t�·ú§�̀¦Ãº
�̧e����.����"fþj���_��â
Äº,7£¤, �̧|	�ë�Hs��½Ó�©��ÃÐ°ú̀�כ¦��t���H�â
Äº({9�§4�C�\P�s�%i�í�HÜ¼�Ð&ñ
§>=÷&#Qe����H�â
Äº)\�¦�¦
�9K��Ð���0A_�ì�r$3�õ���ðøÍ��t��Ð T(n) = (n−1)n/2s��)a��.

2.5 �×e�: 'K�	�~É�aËc
• í�H	����Ò�o(sequential search)·ú��¦o�7£§_��â
Äº{9�§4�C�\P�_�°úכ\�����"f���Ò�o���HS��Ãº����ØÔÙ¼�Ð, �̧��H�â
Äº\�¦�¦�9
ô�ÇK�$3��ÉrÔ�¦��0px���.

2.5.1 k�ë5Ñ¡�́O±Õ�¿&P��7� I

• l��:r1lx���:C�\P�_��½Ó3lqõ�¹1Ô��Hv� xü<\�¦q��§���H1lx���

• {9�§4�_�ß¼l�:C�\P�îß�\�e����H�½Ó3lq_�Ãº n

• þj���_��â
Äº\�¦�¦�9ô�Çr�çß�4�¤ú̧��̧ì�r$3�: x��C�\P�_���t�}���½Ó3lqs�����C�\P�îß�\�\O��̀¦�â
Äº\���Hl��:r1lx���s� n���Ãº
'���)a��.����"fW(n) = n

2.5.2 k�ë5Ñ¡�́O±Õ�¿&P��7� II

• l��:r1lx���:C�\P�_��½Ó3lqõ�¹1Ô��Hv� xü<\�¦q��§���H1lx���

• {9�§4�_�ß¼l�:C�\P�îß�\�e����H�½Ó3lq_�Ãº n

• î̈
ç�H_��â
Äº\�¦�¦�9ô�Çr�çß�4�¤ú̧��̧ì�r$3�:C�\P�_��½Ó3lqs� �̧¿º��ØÔ���¦��&ñ
��¦,��6£§õ�°ú s�r�çß�4�¤ú̧��̧\�¦>�íß�ô�Ç
��.

. �â
Äº 1: (x��C�\P� Sîß�\�e����H�â
Äº)

? 1≤ k≤ n\�@/K�"f, x��C�\P�_� k���P:e���̀¦SX�Ò�¦ = 1/n

? ëß���� x��C�\P�_� k���P:e�������, k\�¦¹1Ôl�0AK�"fÃº'�����Hl��:r1lx���_�S��Ãº = k

? ����"f,

A(n) =
n

∑
k=1

(k× 1
n
)

=
1
n
×

n

∑
k=1

k

=
1
n
× n(n+1)

2
=

n+1
2

. �â
Äº 2: (x��C�\P� Sîß�\�\O���H�â
Äº)

? x��C�\P� Sîß�\�e���̀¦SX�Ò�¦�̀¦ p���¦����,

· x��C�\P�_� k���P:e���̀¦SX�Ò�¦ = p/n

· x��C�\P�_� k���P:\O��̀¦SX�Ò�¦ = 1− p

? ����"f,

A(n) =
n

∑
k=1

(k× p
n

)+n(1− p)

=
p
n
× n(n+1)

2
+n(1− p)

= n(1− p
2

)+
p
2

2.5.3 k�ë5Ñ¡�́O±Õ�¿&P��7� III

• l��:r1lx���:C�\P�_��½Ó3lqõ�¹1Ô��Hv� xü<\�¦q��§���H1lx���

• {9�§4�_�ß¼l�:C�\P�îß�\�e����H�½Ó3lq_�Ãº n

• þj���_��â
Äº\�¦�¦�9ô�Çr�çß�4�¤ú̧��̧ì�r$3�: x�� S[1]{9�M:,{9�§4�_�ß¼l�\��©��'a\O�s�l��:r1lx���s�ô�Ç���ëß�Ãº'���)a��.����"f
B(n) = 1

2.5.4 ®̧�P±Ó��/�×

• þj���_��â
Äº�Ð�� î̈
ç�H_��â
Äº_�ì�r$3�s�f���'a&h�Ü¼�Ð�8s�u�\� ú́����Ð�����.Õª�Q��0A_��â
Äº¿ºì�r$3�_����õ��� �̧¿º
°ú �Ér4�¤ú̧��̧ 
�_��¦o� Θ(n)\�5Åqô�Ç��.��z�́{9�ìøÍ&h�Ü¼�Ð��_�@/ÂÒì�r_��â
Äº¿ºì�r$3�~½ÓZO�\����Ér���õ�_�	�s���H\O���.
(Óüt�:r\Vü@��He����.)����"f>�íß��l����s̀���çß�éß�ô�Çþj���_��â
Äº\�¦s�6 x���H���_���s�{9�ìøÍ&h�s���.Õªo��¦þj	כâ
Äº
\�¦���×þ����H�.����Érq��&³z�́&h�s	כ
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2.6 Ça���È�¿&P��7�(Analysis of Correctness)
1. ·ú��¦o�7£§s�"é¶A�_��̧ô�Ç@/�Ðz�́]j�ÐÃº'��s�÷&��Ht�\�¦7£x"î
���H]X�	�

2. &ñ
SX�ô�Ç·ú��¦o�7£§s�êøÍÁº%3������? - “#Q*�ô�Ç{9�§4�\�@/K�"f�̧ ú́���H²ú��̀¦Ø�¦§4�����"f"3�ÆÒ��H·ú��¦o�7£§”

3. &ñ
SX��t�·ú§�Ér·ú��¦o�7£§s�êøÍ? - “#Q�"�{9�§4�\�@/K�"f"3�ÆÒt�·ú§���� ¢̧��Hd�¦�2;²ú��̀¦Ø�¦§4�����"f"3�ÆÒ��H·ú��¦o�7£§”

V� 3â�
 	�ÊÁ
• 	�Ãº(order)��H·ú��¦o�7£§_�4�¤ú̧��̧(complexity)\�¦³ðr��l�0A�#�æ¼��H{9�7áx_�³ðl�ZO�s���.

• \V\�¦[þt���, Θ(n2)�Ér 2	��<ÊÃº(quadratic function)�Ðì�rÀÓ÷&��H �̧��H4�¤ú̧��̧�<ÊÃº_�|9�½+Ë�̀¦�����·p��.��r�ú́�K�"f, Θ(n2)\�
5ÅqK�e����H �̧��H4�¤ú̧��̧�<ÊÃº��H	�Ãº�� n2s����¦@/³ðK�"fÂÒ\�¦Ãºe����.����"f 5n2, 5n2 +100, 0.1n2 +n+100�̧¿º	�
Ãº�� n2s���. (�§F� 27Aá¤_�³ð 1.3�ÃÐ�̧)

• s�M:±ú��Ér	�Ãº_��½Ó(low-order term)�ÉrÁºr�K��̧�©��'a\O���.�=���������©�Z�}�Ér	�Ãº_��½Ós�����̂�½Ó_�$í
|9��̀¦t�C��
l�M:ë�Hs���.

3.1 ¡�́O±Õ�¿
�Yc�§h�
• Θ(lgn)

• Θ(n) : ���+þA(linear)

• Θ(nlgn)

• Θ(n2) : 2	�(quadratic)

• Θ(n3) : 3	�(cubic)

• Θ(2n) : t�Ãº+þA(exponential)

• Θ(n!)

1. �§F� 28Aá¤_�ÕªaË> 1.3õ� 29Aá¤_�³ð 1.4\�¦�Ðr��̧.

2. °ú �Ér
�_��¦o�\�5Åqô�Ç#Q�"��<ÊÃº�̧��z�́�ÉrÕª
�_��¦o�\�¦@/³ð½+ÉÃºe����.Õª�Q��¼#�_��©����©�çß�éß�y�³ðr�½+ÉÃºe����H
�<ÊÃº�ÐÕª
�_��¦o�\�¦³ð�&³���H�.���s�:�xYVs	כ

3.2 GD9(Big)O Ø̧e�ß��
• Ça��+ 2: �\�FD9�\�(�×ø5�(Asymptotic Upper Bound)
ÅÒ#Q��� 4�¤ú̧��̧ �<ÊÃº f (n)\� @/K�"f g(n) ∈ O( f (n)) s���� ��6£§�̀¦ ëß�7á¤ô�Ç��: n≥ N��� �̧��H &ñ
Ãº n\� @/K�"f g(n) ≤ c×
f (n)s�$í
wn����Hz�́Ãº c > 0ü<6£§s������&ñ
Ãº Ns��>rF�ô�Ç��. (�§F� 29Aá¤_�ÕªaË> 1.4(a)\�¦�Ðr��̧.)

• g(n) ∈O( f (n))�Ér “g(n)�Ér f (n)_�	�H �̧(big O)”���¦ÂÒ�Ér��.

• #Q�"��<ÊÃº g(n)s� O(n2)\�5Åqô�Ç����H ú́��Ér,Õª�<ÊÃº��HÏãÎ�FG\���"f��H (7£¤,#Q�"�e��_�_� N°úכ�Ð��	�H°úכ\�@/K�"f��H)#Q
�"� 2	��<ÊÃº cn2_�°úכ�Ð����H¼ÇÐÖR�°ú̀�כ¦��t�>��)a����H�.��pwô�Ç<¦̀�	כ (ÕªA�áÔ�©�\�"f��H��8�\�0Au�)��r�ú́�K�"f,Õª�<Ê
Ãº g(n)�Ér#Q�"� 2	��<ÊÃº cn2�Ð����HÏãÎ�FG&h�Ü¼�Ð¤4Á���¦ (l�Ö�¦l���H±Ø���¦) ú́�½+ÉÃºe����.

• #Q�"� ·ú��¦o�7£§_� r�çß�4�¤ú̧��̧�� O( f (n))s������, {9�§4�_� ß¼l� n\� @/K�"f s� ·ú��¦o�7£§_� Ãº'��r�çß��Ér ��ÈÁh� �æ¼#a�¿
f (n)�Ér �)a��. ( f (n)s� (�×ø5�s���.)��r�ú́�����,s� ·ú��¦o�7£§_� Ãº'��r�çß��Ér f (n)�Ð�� ]X�@/�Ð �8 Ö¼wn= Ãº��H \O�����H ú́�s�
��.

• �Ðl� 1.3: n2 +10n∈O(n2)e���̀¦�Ðs�r��̧.
(1) n≥ 10��� �̧��H&ñ
Ãº n\�@/K�"f n2 +10n≤ 2n2s�$í
wn�ô�Ç��.Õª�QÙ¼�Ð, c = 2ü< N = 10̀�¦���×þ�����, ”	�H O”_�&ñ
_�\�
_�K�"f n2 +10n∈O(n2)s����¦����:rt��̀¦Ãºe����. (�§F� 30Aá¤_�ÕªaË> 1.5\�¦�Ðr��̧.)
(2) n≥ 1��� �̧��H&ñ
Ãº n\�@/K�"f n2 +10n≤ n2 +10n2 = 11n2s�$í
wn�ô�Ç��.Õª�QÙ¼�Ð, c = 11ü< N = 1�̀¦���×þ�����, “	�H
O”_�&ñ
_�\�_�K�"f n2 +10n∈O(n2)s����¦����:rt��̀¦Ãºe����.

• �Ðl� 1.4: 5n2 ∈O(n2)e���̀¦�Ðs�r��̧.
c = 5ü< N = 0�̀¦���×þ�����, n≥ 0��� �̧��H&ñ
Ãº n\�@/K�"f 5n2 ≤ 5n2s�$í
wn�ô�Ç��.

• �Ðl� 1.5: T(n) = n(n−1)
2 �Ér#Qb�G>� |̈c��?

n≥ 0��� �̧��H&ñ
Ãº n\�@/K�"f n(n−1)
2 ≤ n2

2s�$í
wn�ô�Ç��.Õª�QÙ¼�Ð, c = 1
2ü< N = 0�̀¦���×þ�����, T(n) ∈ O(n2)s����¦���

�:rt��̀¦Ãºe����.

• �Ðl� 1.6: n2 ∈O(n2 +10n)e���̀¦�Ðs�r��̧.
n≥ 0��� �̧��H&ñ
Ãº n\�@/K�"f, n2≤ 1×(n2+10n)s�$í
wn�ô�Ç��.Õª�QÙ¼�Ð, c= 1ü< N = 0�̀¦���×þ�����, n2 ∈O(n2+10n)s�
���¦����:rt��̀¦Ãºe����.

• �Ðl� 1.7: n∈O(n2)e���̀¦�Ðs�r��̧.
n≥ 1��� �̧��H&ñ
Ãº n\�@/K�"f, n≤ 1×n2s�$í
wn�ô�Ç��.Õª�QÙ¼�Ð, c = 1ü< N = 1�̀¦���×þ�����, n∈ O(n2)s����¦����:rt�
�̀¦Ãºe����.

• �Ðl� 1.8: n3 ∈O(n2)s���_���̀¦�Ðs�r��̧.
n≥N��� �̧��H n\�@/K�"f n3 ≤ c×n2s�$í
wn����H cü< N°úכ�Ér�>rF��t�·ú§��H��.7£¤,�ª�����̀¦ n2Ü¼�Ð��¾º���, n≤ c��÷&��H
X< c\�¦��Áºo�ß¼>� ú̧��8���̧Õª�Ð���8	�H ns��>rF�ô�Ç��.

• �ÃÐ�¦:�§F� 32Aá¤_�ÕªaË> 1.6(a)\�¦�Ðr��̧.
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3.3 Ω Ø̧e�ß��
• Ça��+ 1.3:�\�FD9�\��ø5�(Asymptotic Lower Bound)
ÅÒ#Q��� 4�¤ú̧��̧ �<ÊÃº f (n)\� @/K�"f g(n) ∈ Ω( f (n))s���� ��6£§�̀¦ ëß�7á¤ô�Ç��: n≥ N��� �̧��H &ñ
Ãº n\� @/K�"f g(n) ≥ c×
f (n)s�$í
wn����Hz�́Ãº c > 0ü<6£§s������&ñ
Ãº Ns��>rF�ô�Ç��. (�§F� 29Aá¤_�ÕªaË> 1.4(b)\�¦�Ðr��̧.)

• g(n) ∈Ω( f (n))�Ér “g(n)�Ér f (n)_� �̧Bj��(omega)”���¦ÂÒ�Ér��.

• #Q�"��<ÊÃº g(n)s� Ω(n2)\�5Åqô�Ç����H ú́��Ér,Õª�<ÊÃº��HÏãÎ�FG\���"f��H (7£¤,#Q�"�e��_�_� N°úכ�Ð��	�H°úכ\�@/K�"f��H)#Q
�"� 2	��<ÊÃº cn2_� °úכ�Ð����H GD9 °ú̀�כ¦ ��t�>� �)a����H �¦̀�	כ >pwô�Ç��. (ÕªA�áÔ �©�\�"f��H �D\� 0Au�) ��r�ú́�K�"f,Õª �<ÊÃº
g(n)�Ér#Q�"� 2	��<ÊÃº cn2�Ð����HÏãÎ�FG&h�Ü¼�Ð��ìÃ���¦ (l�Ö�¦l����âÀ���¦) ú́�½+ÉÃºe����.

• #Q�"� ·ú��¦o�7£§_� r�çß�4�¤ú̧��̧�� Ω( f (n))s������, {9�§4�_� ß¼l� n\� @/K�"f s� ·ú��¦o�7£§_� Ãº'��r�çß��Ér ��ÈÁh� W±Ó���¿
f (n)µ1Ú\�÷&t�·ú§��H��. ( f (n)s��ø5�s���.)��r�ú́�����,s�·ú��¦o�7£§_�Ãº'��r�çß��Ér f (n)�Ð��]X�@/�Ð�8��\�¦Ãº��H\O���
��H ú́�s���.

• �Ðl� 1.9: n2 +10n∈Ω(n2)e���̀¦�Ðs�r��̧.
n≥ 0��� �̧��H&ñ
Ãº n\�@/K�"f n2 +10n≥ n2s�$í
wn�ô�Ç��.Õª�QÙ¼�Ð, c = 1ü< N = 0�̀¦���×þ�����, n2 +10n∈Ω(n2)s����¦
����:rt��̀¦Ãºe����.

• �Ðl� 1.10:5n2 ∈Ω(n2)e���̀¦�Ðs�r��̧.
n≥ 0��� �̧��H&ñ
Ãº n\�@/K�"f, 5n2 ≥ 1×n2s�$í
wn�ô�Ç��.Õª�QÙ¼�Ð, c = 1ü< N = 0�̀¦���×þ�����, 5n2 ∈Ω(n2)s����¦����:r
t��̀¦Ãºe����.

• �Ðl� 1.11:T(n) = n(n−1)
2 �Ér#Qb�G>� |̈c��?

n≥ 2��� �̧��H n\�@/K�"f n−1≥ n
2s�$í
wn�ô�Ç��.Õª�QÙ¼�Ð, n≥ 2��� �̧��H n\�@/K�"f n(n−1)

2 ≥ n
2 ×

n
2 = 1

4n2s�$í
wn�ô�Ç��.
����"f c = 1

4õ� N = 2\�¦���×þ�����, T(n) ∈Ω(n2)s����¦����:rt��̀¦Ãºe����.

• �Ðl� 1.12:n3 ∈Ω(n2)e���̀¦�Ðs�r��̧.
n≥ 1��� �̧��H&ñ
Ãº n\�@/K�"f, n3 ≥ 1×n2s�$í
wn�ô�Ç��.Õª�QÙ¼�Ð, c = 1ü< N = 1�̀¦���×þ�����, n3 ∈Ω(n2)s����¦����:rt�
�̀¦Ãºe����.

• �Ðl� 1.13:ns� Ω(n2)s���_���̀¦�Ðs�r��̧.
�̧í�HÄ»�̧\� _�ô�Ç 7£x"î
(Proof by contradiction):n ∈ Ω(n2)s����¦ ��&ñ
. Õª�Q��� n ≥ N��� �̧��H &ñ
Ãº n\� @/K�"f, n ≥
c×n2s�$í
wn����Hz�́Ãº c > 0,Õªo��¦6£§s������&ñ
Ãº Ns��>rF�ô�Ç��.0A_�ÂÒ1pxd��_��ª�����̀¦ cnÜ¼�Ð��¾º��� 1

c ≥ n���)a
��.Õª�Q��s�ÂÒ1pxd���Ér]X�@/�Ð$í
wn�½+ÉÃº\O���.����"f0A_���&ñ
�Ér �̧í�Hs���.

• �ÃÐ�¦:�§F� 32Aá¤_�ÕªaË> 1.6(b)\�¦�Ðr��̧.

3.4 Θ Ø̧e�ß��
• Ça��+ 1.4: (Asymptotic Tight Bound)
ÅÒ#Q���4�¤ú̧��̧�<ÊÃº f (n)\�@/K�"f Θ( f (n)) = O( f (n))∩Ω( f (n)). ��r�ú́�����, Θ( f (n))�Ér��6£§�̀¦ëß�7á¤���H4�¤ú̧��̧�<Ê
Ãº g(n)_�|9�½+Ës���: n≥ N��� �̧��H&ñ
Ãº n\�@/K�"f c× f (n)≤ g(n)≤ d× f (n)s�$í
wn����Hz�́Ãº c > 0ü< d > 0,Õªo��¦
6£§s������&ñ
Ãº Ns��>rF�ô�Ç��. (�§F� 29Aá¤_�ÕªaË> 1.4(c)\�¦�Ðr��̧.)

• �§F� 32Aá¤_�ÕªaË> 1.6(c)\�¦�Ðr��̧.

• �ÃÐ�¦: g(n) ∈Θ( f (n))�Ér “g(n)�Ér f (n)_�	�Ãº(order)”���¦ÂÒ�Ér��.

• �Ðl� 1.14:T(n) = n(n−1)
2 �Ér O(n2)s����"f Ω(n2)s���.����"f T(n) = Θ(n2)

3.5 ¼ÇÐÖR�(Small) o Ø̧e�ß��
• ����Ér o��H4�¤ú̧��̧�<ÊÃºz�o�_��'a>�\�¦����?/l�0Aô�Ç³ðl�ZO�s���.

• Ça��+ 1.5:¼ÇÐÖR� o
ÅÒ#Q���4�¤ú̧��̧�<ÊÃº f (n)\�@/K�"f o( f (n))�Ér��6£§�̀¦ëß�7á¤���H �̧��H4�¤ú̧��̧�<ÊÃº g(n)_�|9�½+Ës���: �̧��Hz�́Ãº c > 0\�
@/K�"f g(n)≤ c× f (n) (#�l�"f n≥ N��� �̧��H n\�@/K�"f)s�$í
wn����H6£§s������&ñ
Ãº Ns��>rF�ô�Ç��.

• �ÃÐ�¦: g(n) ∈ o( f (n))�Ér “g(n)�Ér f (n)_�����Ér �̧(o)”���¦ÂÒ�Ér��.

• �ÃÐ�¦:	�H Oü<_�	�s�&h�

. 	�H O -z�́Ãº c > 0×�æ\�"f���ëß�$í
wn��#Q�̧H�d

. ����Ér o - �̧��Hz�́Ãº c > 0\�@/K�"f$í
wn��#����<Ê

• �ÃÐ�¦: g(n) ∈ o( f (n))�Ér~1�>�[O�"î
������ g(n)s�ÏãÎ�FG&h�Ü¼�Ð f (n)�Ð���s̀���zf���(a%~��)��H_�p�s���.z�́YV\�¦�Ð��.

• �Ðl� 1.15:n∈ o(n2)e���̀¦�Ðs�r��̧.
7£x"î
: c> 0s����¦���. n≥N��� �̧��H n\�@/K�"f n≤ cn2s�$í
wn����H N�̀¦¹1Ô����ô�Ç��.s�ÂÒ1pxd��_��ª�����̀¦ cnÜ¼�Ð��
¾º��� 1

c ≤ n�̀¦%3���H��.����"f N≥ 1
c��÷&��H#Q�"� N�̀¦¹1ÔÜ¼����)a��.#�l�"f N_�°úכ�Ér c\�_�K�ýaÄº�)a��.\V\�¦[þt#Qëß�

��� c = 0.0001s����¦����, N_�°úכ�Érþj�èô�Ç 10,000s�÷&#Q��ô�Ç��.7£¤, n≥ 10,000��� �̧��H n\�@/K�"f n≤ 0.0001n2s�
$í
wn�ô�Ç��.

• �Ðl� 1.16:ns� o(5n)s���_���̀¦�Ðs�r��̧.
�̧í�HÄ»�̧\�_�ô�Ç7£x"î
: c= 1

6s����¦���. n∈ o(5n)s����¦��&ñ
����, n≥N��� �̧��H&ñ
Ãº n\�@/K�"f, n≤ 1
6×5n= 5

6ns�
$í
wn����H6£§s������&ñ
Ãº Ns��>rF�K���ô�Ç��.Õª�Q��Õª��� N�Ér]X�@/�Ðe���̀¦Ãº\O���.����"f0A_���&ñ
�Ér �̧í�Hs���.
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• �Ðl� 1.17:n2s� o(n)s���_���̀¦�Ðs�r��̧.
�̧í�HÄ»�̧\�_�ô�Ç7£x"î
: (ņq]j)

• Ça�h� 1.2:¼ÇÐÖR� oÿ?��ÒR� Ø̧e�ß��ø��+ ®̧�N�
g(n) ∈ o( f (n))s������, g(n) ∈O( f (n))−Ω( f (n))s�$í
wn�ô�Ç��.7£¤, g(n)�Ér O( f (n))s�l���H�t�ëß�, Ω( f (n))�Ér��m���.

. g(n)�Ér O( f (n))e���̀¦7£x"î
(f��]X�7£x"î
)
g(n) ∈ o( f (n))s�Ù¼�Ð �̧��Hz�́Ãº c > 0\�@/K�"f g(n)≤ c× f (n)s� n≥ N��� �̧��H n\�@/K�"f$í
wn����H Ns��>rF�
ô�Ç��.#�l�"fe��_�_� c\�¦���×þ��#��̧s�ÂÒ1pxd���Ér$í
wn��Ù¼�Ð g(n)�Ér{©����y� O( f (n))s���.

. g(n)�Ér Ω( f (n))s���_���̀¦7£x"î
(�̧í�HÄ»�̧\�_�ô�Ç7£x"î
)
g(n) ∈ Ω( f (n))s����¦��&ñ
���.Õª�Q��� n≥ N1��� �̧��H n\�@/K�"f g(n) ≥ c× f (n)�̀¦ëß�7á¤r�v���Hz�́Ãº c > 0õ�
6£§s� ����� &ñ
Ãº N1s� ìøÍ×¼r� �>rF�ô�Ç��. Õª�Q�� g(n) ∈ o( f (n))s�l� M:ë�H\�, n≥ N2��� �̧��H n\� @/K�"f g(n) ≤
c
2 × f (n)�̀¦ëß�7á¤r�v���H N2���>rF�ô�Ç��.����"f,

c f(n)≤ g(n)≤ c
2

f (n)

y���½Ó�̀¦ f (n)Ü¼�Ð��¾º���,

c≤ g(n)
f (n)

≤ c
2

s�¿ºÂÒ1pxd��\�_����� N1õ� N2�Ð��	�H �̧��H n\�@/K�"f$í
wn�K������HX<,s���Hz�́]j�ÐÔ�¦��0px���. �̧í�HÄ»�̧
$í
/BN!

• �ÃÐ�¦:{9�ìøÍ&h�Ü¼�Ð O( f (n))−Ω( f (n))���4�¤ú̧��̧�<ÊÃº��H o( f (n))s�l��̧ ���.Õª�Q���½Ó�©�ÕªXO�t���H·ú§��. (��[jô�Ç���½Ó
�Ér�§F� 36Aá¤�ÃÐ�̧)

3.6 	�ÊÁ�+ÌÁ³ÀÅ]���

1. g(n) ∈O( f (n)) iff f (n) ∈Ω(g(n))
2. g(n) ∈Θ( f (n)) iff f (n) ∈Θ(g(n))
3. b > 1s��¦ a > 1s����, loga n∈ Θ(logb n)�Ér�½Ó�©�$í
wn�.��r� ú́������ÐÕª(logarithm)4�¤ú̧��̧�<ÊÃº��H �̧¿º°ú �Ér
�_��¦o�
\�5Åqô�Ç��.����"f:�x�©� Θ(lgn)Ü¼�Ð³ðr�ô�Ç��.

4. b > a > 0s����, an ∈ o(bn).��r�ú́�����t�Ãº+þA(exponential)4�¤ú̧��̧�<ÊÃº�� �̧¿º°ú �Ér
�_��¦o�îß�\�e����H�.����Ér��m	כ

5. a > 0��� �̧��H a\�@/K�"f, an ∈ o(n!).��r�ú́�����, n!�Ér#Q�"�t�Ãº+þA4�¤ú̧��̧�<ÊÃº�Ð���̧��åÔ��.

6. 4�¤ú̧��̧�<ÊÃº\�¦��6£§í�HÜ¼�Ð��\P�K��Ð��.

Θ(lgn),Θ(n),Θ(nlgn),Θ(n2),Θ(n j ),Θ(nk),Θ(an),Θ(bn),Θ(n!)
#�l�"f k > j > 2s��¦ b > a > 1s���.4�¤ú̧��̧�<ÊÃº g(n)s� f (n)�̀¦ �í�<Êô�Ç 
�_��¦o�_� ¢,aAá¤\� 0Au�ô�Ç���¦ ����, g(n) ∈
o( f (n)).

7. c≥ 0, d≥ 0, g(n) ∈O( f (n)),Õªo��¦ h(n) ∈Θ( f (n))s����, c×g(n)+d×h(n) ∈Θ( f (n)).

3.7 ;³�ø5�(limit)��·l�£� �#b	�ÊÁ��·Ä©�ÐM�'�×ß��
• Ça�h� 1.3:

lim
n→∞

g(n)
f (n)

=







c > 0 s���� g(n) ∈Θ( f (n))
0 s���� g(n) ∈ o( f (n))
∞ s���� f (n) ∈ o(g(n))

• �Ðl� 1.16:��6£§s�$í
wn��<Ê�̀¦&ñ
o� 3�̀¦s�6 x�#��Ðs�r��̧.

.
n2

2
∈ o(n3)

lim
n→∞

n2/2
n3 = lim

n→∞

1
2n

= 0

. b > a > 0{9�M:, an ∈ o(bn)

lim
n→∞

an

bn = lim
n→∞

(a
b

)n
= 0�=������, 0 <

a
b

< 1

• Ça�h� 1.4:�×q�R±Ó(L’Hopital) �+ß��ÓÏ�

lim
n→∞

f (n) = lim
n→∞

g(n) = ∞s����

lim
n→∞

g(n)
f (n)

= lim
n→∞

g′(n)
f ′(n)

s���.

• �Ðl� 1.17:��6£§s�$í
wn��<Ê�̀¦&ñ
o� 3õ� 4\�¦s�6 x�#��Ðs�r��̧.

. lgn∈ o(n)

lim
n→∞

lgn
n

= lim
n→∞

1
nln2

1
= 0

. loga n∈Θ(logb n)

lim
n→∞

loga n
logb n

= lim
n→∞

1
nlna

1
nlnb

=
logb
loga

> 0
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V� 2*�×

&P�TÒ»Ça�¡�́

&P�TÒ»Ça�¡�́(Divide-and-Conquer)ÐÏ�à�
N�¦�>·ÈÐ

• ì�r½+É(Divide):K�����l�~1��̧2�¤ë�H]j\�¦#��Q>h_�����ÉrÂÒì�rÜ¼�Ð��è�H��.

• &ñ
4�¤(Conquer):��è�H����Érë�H]j\�¦y��y��K����ô�Ç��.

• :�x½+Ë(Combine): ¹כ��9)������)K�����)aK�²ú��̀¦ �̧�Ér��.

s��Qô�Çë�H]jK����~½ÓZO��̀¦�/�×ÐÏ�(top-down)]X���H~½ÓZO�s����¦ô�Ç��.

V� 1â�
 l�&P�~É�aËc(Binary Search)

1.1 N±Ó�§h�¤æ̧: bCÉÙ��̧(recursive)'�×ß��
• ë�H]j:ß¼l��� n���&ñ
§>=�)aC�\P� S\� x��e����Ht�\�¦���&ñ
�r��̧.

• {9�§4�:�����Ãº n,q�?/aË>	�í�HÜ¼�Ð&ñ
§>=�)aC�\P� S[1..n] ,¹1Ô�¦�����H�½Ó3lq x

• Ø�¦§4�: locationout - x�� S_�#Qn�\�e����Ht�_�0Au�.ëß���� x�� S\�\O������ 0

• [O�>����|ÄÌ:

. x��C�\P�_�×�æçß�\�0Au���¦e����H�½Ó3lqõ�°ú Ü¼���, “cç
�¦”, ¹1Ô��¤��! ÕªXO�t�·ú§Ü¼���:

. ì�r½+É:C�\P��̀¦ìøÍÜ¼�Ð��¾º#Q"f x��×�æ�©�\�0Au�ô�Ç�½Ó3lq�Ð�����Ü¼���¢,aAá¤\�0Au�ô�ÇC�\P�ìøÍAá¤�̀¦���×þ���¦,ÕªXO�
t�·ú§Ü¼��� �̧�ÉrAá¤\�0Au�ô�ÇC�\P�ìøÍAá¤�̀¦���×þ�ô�Ç��.

. &ñ
4�¤:���×þ��)aìøÍAá¤C�\P�\�"f x\�¦¹1Ô��H��.

. :�x½+Ë: 6£�O\¹כ��9)§)

• �Ðl�: 10 12 13 14 18 20 25 27 30 45 47\�"f 18̀�¦¹1ÔÜ¼r��̧.

• ·ú��¦o�7£§:

index location (index low, index high)
{

index mid;

if (low > high)
return 0; // ÉóÈכ §Ñð³Êñ¬Ûí

else {
mid = (low + high) / 2; // ÍòªÁ £´£ÖðªÎí ( £ §́ ̧È ¨¸¦Ýí)
if (x == S[mid])

return mid; // Éó¬Éñ¬Ûíכ
else if (x < S[mid])

return location(low,mid-1); // ¬Ôá®ÑÞ ¨µ¬Ïå ¨Éá®ÑÞ¬Ûå ªÍá±ÊÞ³Éí
else

return location(mid+1,high); // ¬¼¦Ûá®ÑÞ ¨µ¬Ïå ¨Éá®ÑÞ¬Ûå ªÍá±ÊÞ³Éí
}

}

...

locationout = location(1,n);
...
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4�¤

1.2 ®̧�P±Ó��/�×
• �=t�%i��<ÊÃº location �̀¦&ñ
_��#�·ú��¦o�7£§�̀¦Ñüt�Ð��¾º%3��̀¦��?
{9�§4�B�>h���Ãº��� n,S,x ��H·ú��¦o�7£§Ãº'��×�æ����t�·ú§��H°úכs���.����"f�<ÊÃº\�¦÷&ÂÒ\�¦M:����s��Qô�Ç����t�·ú§��H
B�>h���Ãº\�¦��t��¦��m���H�.����Ér�FGd��ô�Çz©�q�s	כ

• ÷&ÂÒ2£§·ú��¦o�7£§(recursive algorithm)\�"f �̧��H÷&ÂÒ2£§s�·ú��¦o�7£§_���t�}��(¡óo�)ÂÒì�r\�"fs�ÀÒ#Q|9�M: –¡óo�÷&ÂÒ
2£§(tail recursion)s����¦�<Ê –Õª·ú��¦o�7£§�ÉrÐ�r[�ts�·ú��¦o�7£§(iterative algorithm)Ü¼�Ð���8̈��l���Ãº�Z4���.{9�ìøÍ&h�Ü¼
�Ð÷&ÂÒ2£§·ú��¦o�7£§�Ér÷&ÂÒ\�¦M:����Õª{©�r�_��©�I�\�¦�Ö̧$í
YU�ï×¼(activation records)Û¼×þ�\�$��©�K�Z�~�������HìøÍ
���,Ð�r[�ts�·ú��¦o�7£§�ÉrÕªXO��9¹כ���\O�l�M:ë�H\�{9�ìøÍ&h�Ü¼�Ð�8 ò́Ö�¦&h�s���(��ØÔ��).ÕªXO����¦Ð�r[�ts�·ú��¦o�7£§_�>�
íß�4�¤ú̧��̧��÷&ÂÒ2£§·ú��¦o�7£§�Ð��a%~����H_�p���H��m���.Ð�r[�ts�·ú��¦o�7£§s��©�Ãº&h�(constant factor)Ü¼�Ðëß�a%~��(��ØÔ
��)��H ú́�s���.þj��H\�[O�>�, ½̈�&³�)a MLs��� Scheme°ú �Ér�<ÊÃº+þA���#Q��H(����{9��Q����1lxÜ¼�Ð÷&ÂÒ2£§áÔ�ÐÕªÏþ��̀¦Ð�r
[�ts�áÔ�ÐÕªÏþ�Ü¼�Ð��Ë̈#Qï�r��.

1.3 i¦»ÇÐ�+¿R�ËÁk�ë5Ñ¡�́O±Õ�¿&P��7�
• l��:r1lx���: xü< S[mid] _�q��§

• {9�§4�_�ß¼l�:C�\P�_�ß¼l� n ( = high - low + 1 )

• ·ú��¦o�7£§�̀¦¶ú�(R�Ð���l��:r1lx���Ü¼�Ð[O�&ñ
ô�Ç �̧|	�ë�H�̀¦ while Ð�r[�ts�?/ÂÒ\�"f 2���Ãº'���t�ëß�,��z�́�©�q��§��Hô�Ç���
s�ÀÒ#Q������¦ ú<�̧ �)a��.Õª s�Ä»��H: (1)#Q!lr�̂¦o� ���#Q�Ð��H ���_� �̧|	� "î
§î
Ü¼�Ð Ø�æì�ry� ½̈�&³½+É Ãº e��l� M:ë�Hs�l�
�̧ ��¦; (2) x\�¦¹1Ôl������t���H�½Ó�©� 2>h_� �̧|	�ë�H�̀¦Ãº'���Ù¼�Ð����ÐÓü�#Q"fô�Çéß�0A�Ð2[/åL�̀¦K��̧ ÷&l�M:ë�Hs�
l��̧���.s�ü<°ú s�l��:r1lx����Érþj@/ô�ÇÜ¼�Ð ò́Ö�¦&h�Ü¼�Ð(��ØÔ>�) ½̈�&³�)a���¦{9�ìøÍ&h�Ü¼�Ð��&ñ
�#�, 1éß�0A�Ð2[/åL�̀¦
K��̧�)a��.

1.3.1 ¿R�ËÁ 1: ~É�aËc�N�ÁGöð5�®X́:�á~
�+æ«e���/�×(�×Ça���È�N� n
2l�bCÐM�¿R�ËÁ

• r�çß�4�¤ú̧��̧\�¦����?/ÅÒ��HF��&³~½Ó&ñ
d��(recurrence)�Ér��6£§õ�°ú ��.

W(n) = W
(

n
2

)

+1 n > 1s��¦, n = 2k(k≥ 1)
W(1) = 1

s�d��_�K���H��6£§õ�°ú s� ½̈½+ÉÃºe����.

W(1) = 1
W(2) = W(1)+1 = 2
W(4) = W(2)+1 = 3
W(8) = W(4)+1 = 4

W(16) = W(8)+1 = 5
· · ·

W(2k) = k+1
· · ·

W(n) = lgn+1

• s�K���õ���� ú́���Ht�SX�����l�0A�#�7£x"î
K��Ð��.

• 7£x"î
:Ãº�<Æ&h�)±ú�ZO�

)±ú�Ø�¦µ1Ï&h�: n = 1s����, W(1) = 1 = lg1+1.

)±ú���&ñ
: 2_���[þv]jY�L(power)����ª�_�&ñ
Ãº n\�@/K�"f, W(n) = lgn+1���¦��&ñ
ô�Ç��.

)±ú�éß�>�: W(2n) = lg(2n)+1e���̀¦�Ðs�����)a��.�r)d���̀¦��6 x����,

W(2n) = W(n)+1 F��&³~½Ó&ñ
d��\�_�K�"f
= lgn+1+1 )±ú���&ñ
\�_�K�"f
= lgn+ lg2+1
= lg(2n)+1

1.3.2 ¿R�ËÁ 2: ��
ð5��\�ê�>¿R�ËÁ -ð5�®X́:�á~
�+æ«e�ÐM� bn
2cl�ÁÅ÷

• bycêøÍ y�Ð���������°ú �Érþj@/&ñ
Ãº\�¦�����·p���¦½+ÉM:, n\�@/K�"f��î�rX<'������Hmid = b 1+n
2 cs�÷&��HX<,s�M:y��ÂÒ

ì�rC�\P�_�ß¼l���H��6£§õ�°ú ��.

n ¢,aAá¤ÂÒì�rC�\P�_�ß¼l� mid �̧�ÉrAá¤ÂÒì�rC�\P�_�ß¼l�
���Ãº n/2−1 1 n/2
f.ËÃº (n−1)/2 1 (n−1)/2

0A_�³ð\�_�����·ú��¦o�7£§s���6£§éß�>�\�¹1Ô����½+É�½Ó3lq_�Ì�	Ãº��Hl�,כ	K��� b n
2c>h���)a��.����"f��6£§õ�°ú �ÉrF�

�&³~½Ó&ñ
d��Ü¼�Ð³ð�&³½+ÉÃºe����.

W(n) = 1+W
(

b n
2c

)

n > 1{9�M:
W(1) = 1

• s�F��&³~½Ó&ñ
d��_�K���W(n) = blgnc+1��H�d�̀¦ n\�@/ô�ÇÃº�<Æ&h�)±ú�ZO�Ü¼�Ð7£x"î
ô�Ç��.
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• 7£x"î
:Ãº�<Æ&h�)±ú�ZO�

)±ú�Ø�¦µ1Ï&h�: n = 1s����,��6£§s�$í
wn�ô�Ç��.

blgnc+1 = blg1c+1 = 0+1 = 1 = W(1)

)±ú���&ñ
: n > 1s��¦, 1≤ k < n��� �̧��H k\�@/K�"f, W(k) = blgkc+1��$í
wn�ô�Ç���¦��&ñ
ô�Ç��.

)±ú�éß�>�: ns����Ãºs���� (7£¤, b n
2c= n

2 ),

W(n) = 1+W
(

b n
2c

)

F��&³~½Ó&ñ
d��\�_�K�"f
= 1+ blgb n

2cc+1 )±ú���&ñ
\�_�K�"f
= 2+ blgb n

2cc
= 2+ blg n

2c ns����Ãºs�Ù¼�Ð
= 2+ blgn−1c
= 2+ blgnc−1
= 1+ blgnc

ns�f.ËÃºs���� (7£¤, b n
2c= n−1

2 ),

W(n) = 1+W
(

b n
2c

)

F��&³~½Ó&ñ
d��\�_�K�"f
= 1+ blgb n

2cc+1 )±ú���&ñ
\�_�K�"f
= 2+ blgb n

2cc
= 2+ blg n−1

2 c ns�f.ËÃºs�Ù¼�Ð
= 2+ blg(n−1)−1c
= 2+ blg(n−1)c−1
= 1+ blg(n−1)c
= 1+ blgnc ns�f.ËÃºs�Ù¼�Ð

����"f, W(n) = blgnc+1∈Θ(lgn).

V� 2â�
 TÒ¼ÄZ�Ça�Ý~


2.1 N±Ó�§h�¤æ̧

2.1.1 TÒ¼ÄZ�Ça�Ý~
(Mergesort)

• ë�H]j: n>h_�&ñ
Ãº\�¦q�?/aË>	�í�HÜ¼�Ð&ñ
§>=�r��̧.

• {9�§4�:&ñ
Ãº n,ß¼l��� n���C�\P� S[1..n]

• Ø�¦§4�:q�?/aË>	�í�HÜ¼�Ð&ñ
§>=�)aC�\P� S[1..n]

• �Ðl�: 27, 10, 12, 20, 25, 13, 15, 22

• ·ú��¦o�7£§:

void mergesort (int n, keytype S[])
{

const int h = n / 2, m = n - h;
keytype U[1..h], V[1..m];

if (n > 1) {
copy S[1] through S[h] to U[1] through U[h];
copy S[h+1] through S[n] to V[1] through V[m];
mergesort(h,U);
mergesort(m,V);
merge(h,m,U,V,S);

}
}

2.1.2 TÒ¼ÄZ�(Merge)

• ë�H]j:¿º>h_�&ñ
§>=�)aC�\P��̀¦���_�&ñ
§>=�)aC�\P��Ð½+Ë#î
�r��̧.

• {9�§4�: (1)�ª�_�&ñ
Ãº h, m , (2)&ñ
§>=�)aC�\P� U[1..h] , V[1..m]

• Ø�¦§4�: Uü< V\�e����Hv�[þt�̀¦���_�C�\P�\�&ñ
§>=ô�Ç S[1..h+m]

• ·ú��¦o�7£§:

void merge(int h,
int m,
const keytype U[],
const keytype V[],
keytype S[])
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{
index i,j,k;

i = 1; j = 1; k = 1;
while (i <= h && j <= m) {

if (U[i] < V[j]) {
S[k] = U[i];
i++;

}
else {

S[k] = V[j];
j++;

}
k++;

}
if (i > h)

copy V[j] through V[m] to S[k] through S[h+m];
else

copy U[i] through U[h] to S[k] through S[h+m];
}

2.2 k�ë5Ñ¡�́O±Õ�¿&P��7�

2.2.1 TÒ¼ÄZ�N±Ó�§h�¤æ̧�+i¦»ÇÐ�+¿R�ËÁk�ë5Ñ¡�́O±Õ�¿&P��7�

• l��:r1lx���: U[i] ü< V[j] _�q��§

• {9�§4�_�ß¼l�: 2>h_�{9�§4�C�\P�\�y��y��[þt#Qe����H�½Ó3lq_�Ì�	Ãº: hü<m

• ì�r$3�: i = hs��¦, j = m−1����©�I��ÐÐ�r[�ts�(loop)\�"f��4R������HM:��þj���_��â
Äº�Ð"f(V\�e����H%�6£§ m−1>h_��½Ó
3lqs� S_� ·ú¡ÂÒì�r\� 0Au���¦, U\� e����H h>h_� �̧��H �½Ó3lqs� Õª +'\� 0Au����H �â
Äº), s� M: l��:r1lx���_� z�́'�� S��Ãº��H
h+m−1s���.����"f,����"fþj���_��â
Äº½+Ë#î
���Hr�çß�4�¤ú̧��̧��HW(h,m) = h+m−1.

2.2.2 TÒ¼ÄZ�Ça�Ý~
N±Ó�§h�¤æ̧�+i¦»ÇÐ�+¿R�ËÁk�ë5Ñ¡�́O±Õ�¿&P��7�

• l��:r1lx���:½+Ë#î
·ú��¦o�7£§merge\�"fµ1ÏÒqt���Hq��§

• {9�§4�_�ß¼l�:C�\P� S\�[þt#Qe����H�½Ó3lq_�Ì�	Ãº n

• ì�r$3�:þj���_��â
ÄºÃº'��r�çß��ÉrW(h,m) = W(h)+W(m)+h+m−1s��)a��.#�l�"fW(h)��H U\�¦&ñ
§>=���HX<���o���Hr�
çß�, W(m)�Ér V\�¦&ñ
§>=���HX<���o���Hr�çß�,Õªo��¦ h+m−1�Ér½+Ë#î
���HX<���o���Hr�çß�s���.&ñ
Ãº n�̀¦ 2k(k≥ 1)s����¦
��&ñ
����, h = n

2 , m= n
2s��)a��.����"fþj���_��â
ÄºF��&³~½Ó&ñ
d���Ér:

W(n) = 2W
(

n
2

)

+n−1 n > 1s��¦, n = 2k(k≥ 1)
W(1) = 0 �=������½+Ë#î
s����)�s�ÀÒ#Qt�t�·ú§Ü¼Ù¼�Ð

s��r)d��_�K���H��A�_� �̧��&ñ
o�_� 2����̀¦&h�6 x����, W(n) = Θ(nlgn)s��)a��.

• ns� 2_���[þv]jY�L(power)_�+þAI���������â
Äº_�F��&³~½Ó&ñ
d���Ér��6£§õ�°ú s��)a��.

W(n) = W
(

b n
2c

)

+W
(

d n
2e

)

+n−1 n > 1{9�M:
W(1) = 0

Õª�Q��s�F��&³~½Ó&ñ
d��_�&ñ
SX�ô�ÇK�\�¦ ½̈�l���H4�¤ú̧����.Õª�Q��,·ú¡_�s�ì�r���Ò�o·ú��¦o�7£§_�ì�r$3�\�"f�̧ �Ð��¤1pws�,
n = 2k���¦ ��&ñ
K�"f K�\�¦ ½̈����,s� F��&³~½Ó&h�d��_� K�ü< °ú �Ér 
�_��¦o�_� r�çß�4�¤ú̧��̧\�¦ %3�>� �)a��.����"f ·ú¡Ü¼�Ð
s�ü<q�5pwô�ÇF��&³~½Ó&ñ
d��_�K�\�¦ ½̈½+ÉM:, n = 2k���¦��&ñ
K�"f ½̈K��̧&h���H&h�Ü¼�Ð��H°ú �ÉrK�\�¦%3�>��)a��.

2.3 �ë5Ñ¡�́O±Õ�¿&P��7«כ�
• {9�§4��̀¦ $��©����HX< ¹ô�Çכ��9 ëß��pu s��©�_� $��©��©��è\�¦ ��6 x�t� ·ú§�¦ &ñ
§>=���H ·ú��¦o�7£§�̀¦ V���h�Ça�Ý~
(in-place sort)
N±Ó�§h�¤æ̧s����¦ô�Ç��.0A\�"f�:r½+Ë#î
&ñ
§>=·ú��¦o�7£§�Ér]j��o�&ñ
§>=·ú��¦o�7£§s���m���.�=������{9�§4����C�\P� Ss�ü@
\� Uü< V\�¦ÆÒ���Ðëß�[þt#Q"f��6 x�l�M:ë�Hs���.

• Õª�Q���\O���ëß��pu_�ÆÒ��&h����$�&ñ
�©��è���9¹כ�½+É��? mergesort \�¦÷&ÂÒ\�¦M:����ß¼l��� S_�ìøÍs�÷&��H Uü< V��ÆÒ
��&h�Ü¼�Ð�9¹כ����. merge ·ú��¦o�7£§\�"f��H Uü< V��ÅÒ�è�Ð���²ú�s�÷&#QÕªzª���6 x÷&Ù¼�ÐÆÒ��&h����$��©��©��è\�¦ëß�
[þtt� ·ú§��H��.����"f mergesort \�¦ ÷&ÂÒ\�¦ M:���� \O���ëß��pu_� ÆÒ��&h���� $��©��©��è�� ëß�[þt#Q4R�� ���Ht�\�¦ >�íß�K�
�Ð����)a��.%�6£§ S_�ß¼l��� ns����,ÆÒ��&h�Ü¼�Ð�9¹כ�ô�Ç Uü< V_�$��©��©��èß¼l�_�½+Ë�Ér ns��)a��.��6£§÷&ÂÒ2£§ ñØ�¦\�
��H n

2 _�ÆÒ��&h����$��©��©��è���9¹כ���¦,��6£§\���H n
1,¦��¹כ�4���9px1pxs����d��Ü¼�Ð>�5Åq�)a��.Õª�QÙ¼�ÐÆÒ��&h�Ü¼�Ð�9�

¹ô�Ç8úx$��©��©��è_�ß¼l���Hכ n+ n
2 + n

4 + · · ·= 2ns���.����:r&h�Ü¼�Ðs�·ú��¦o�7£§_�/BNçß�4�¤ú̧��̧��H 2n∈Θ(n)s����¦½+ÉÃº
e����.

• ÆÒ��&h�Ü¼�Ð�9¹כ�ô�Ç$��©��©��è�� ns�÷&�̧2�¤,7£¤,/BNçß�4�¤ú̧��̧�� ns�÷&�̧2�¤·ú��¦o�7£§�̀¦�¾Ó�©�r�~�́Ãºe���� (��6£§]X�_�·ú�
�¦o�7£§).Õª�Q��½+Ë#î
&ñ
§>=·ú��¦o�7£§s�]j��o�&ñ
§>=·ú��¦o�7£§s� |̈cÃº��H\O���.
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2.4 ë5Ñ¡�́O±Õ�¿��/�×(�×ÛÖSN±Ó�§h�¤æ̧«כ�

2.4.1 TÒ¼ÄZ�Ça�Ý~
(Mergesort)

• ë�H]j: n>h_�&ñ
Ãº\�¦q�?/aË>	�í�HÜ¼�Ð&ñ
§>=�r��̧.

• {9�§4�:&ñ
Ãº n,ß¼l��� n���C�\P� S[1..n]

• Ø�¦§4�:q�?/aË>	�í�HÜ¼�Ð&ñ
§>=�)aC�\P� S[1..n]

• ·ú��¦o�7£§:

void mergesort2 (index low, index high)
{

index mid;

if (low < high) {
mid = (low + high) /2;
mergesort2(low,mid);
mergesort2(mid+1,high);
merge2(low,mid,high);

}
}

...
mergesort2(1,n);
...

2.4.2 TÒ¼ÄZ�(Merge)

• ë�H]j:¿º>h_�&ñ
§>=�)aC�\P��̀¦���_�&ñ
§>=�)aC�\P��Ð½+Ë#î
�r��̧.

• {9�§4�: (1)'���� low, mid, high , (2)ÂÒì�rC�\P� S[low..high] ,#�l�"f S[low..mid] ü< S[mid+1..high] ��Hs�
p�y��y��&ñ
§>=s�¢-a«Ñ÷&#Qe��6£§.

• Ø�¦§4�:&ñ
§>=s�¢-a«Ñ�)aÂÒì�rC�\P� S[1..high]

• ·ú��¦o�7£§:

void merge2(index low, index mid, index high)
{

index i,j,k;
keytype U[low..high]; // ³Éî¨Ïò³ £́Ûá¤¹ ²Ýå¬À³Éá È¬ÏÞ ¨µ¬Ïå

i = low; j = mid + 1; k = low;
while (i <= mid && j <= high) {

if (S[i] < S[j]) {
U[k] = S[i];
i++;

}
else {

U[k] = S[j];
j++;

}
k++;

}
if (i > mid)

copy S[j] through S[high] to U[k] through U[high];
else

copy S[i] through S[mid] to U[k] through U[high];
copy U[low] through U[high] to S[low] through S[high];

}

V� 3â�
 �¿��Ça�h�

3.1 �¿��Ça�h�(The Master Theorem)
(Cormen1px_� Introduction to Algorithms(MIT Press, 1990)\�"fµ1ÏLY)

• aü< b\�¦ 1�Ð��	�H�©�Ãº��¦��¦, f (n)�̀¦#Q�"��<ÊÃº���¦��¦,6£§s������&ñ
Ãº n\�@/K�"f&ñ
_��)aF��&³~½Ó&ñ
d�� T(n)s�
��6£§_�+þAI�\�¦s�ê�r���¦���.

T(n) = a×T
(n

b

)

+ f (n)

Õª�Q��� T(n)�Ér��6£§õ�°ú s�&h���H&h����ô�Ç>�&h�(asymptotic bound)̀�¦��|9�Ãºe����.
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1. #Q�"��©�Ãº ε > 0\�@/K�"f,ëß���� f (n) = O(nlogb a−ε)s����, T(n) = Θ(nlogb a).

2. f (n) = Θ(nlogb a)s����, T(n) = Θ(nlogb a lgn).

3. #Q�"��©�Ãº ε > 0\�@/K�"f,ëß���� f (n) = Ω(nlogb a+ε)s��¦,#Q�"��©�Ãº c< 1õ�Ø�æì�ry�	�H �̧��H n\�@/K�"f, a× f ( n
b)≤

c× f (n)s����, T(n) = Θ( f (n)).

#�l�"f n
b�Ér b n

bc�Ð#����̧÷&�¦, d n
beÜ¼�Ð#����̧�)a��.

• s�&ñ
o�_�7£x"î
�Ér�©�{©�y�4�¤ú̧��l�M:ë�H\�s�y©�_�\�"f��H��ÀÒt�·ú§��H��.#Qb�G>�7£x"î
���Ht� �̧ØÔ�¦��Hµ1Ñs��Å�#Q��
t�·ú§��H�<ÆÒqt�Ér Cormen_�Õþ��̀¦�ÃÐ�̧�l���êøÍ��.

3.2 �¿��Ça�h��\�£� �+Ud
• \V]j 1:

T(n) = 9T
(n

3

)

+n

#�l�"f a = 9, b = 3, f (n) = ns��¦, nlogb a = nlog3 9 = Θ(n2)s�Ù¼�Ð, ε = 1{9�M:, f (n) = O(nlog3 9−ε)s����¦½+ÉÃºe����. �̧
��&ñ
o� 1����̀¦&h�6 x����, T(n) = Θ(nlog3 9) = Θ(n2)s��)a��.

• \V]j 2:

T(n) = T

(

2n
3

)

+1

#�l�"f a = 1, b = 3
2 , f (n) = 1s��¦, nlogb a = n

log 3
2

1
= n0 = Θ(1)s�Ù¼�Ð, f (n) = Θ(1)s����¦½+ÉÃºe����. �̧��&ñ
o� 2���

�̀¦&h�6 x����, T(n) = Θ(1lgn) = Θ(lgn)s��)a��.

• \V]j 3:

T(n) = 3T
(n

4

)

+nlgn

#�l�"f a = 3, b = 4, f (n) = nlgns��¦, nlogb a = nlog4 3 = O(n0.793)s�Ù¼�Ð, ε≈ 0.2{9�M:, f (n) = Ω(nlog4 3+ε)s����¦½+ÉÃº
e����. �̧��&ñ
o� 3����̀¦&h�6 x½+ÉÃºe����Ht��Ðl�0AK�"f,Ø�æì�ry�	�H n\�@/K�"f, 3 f ( n

4)≤ c× f (n)s�$í
wn����H 1�Ð������Ér
c���>rF����H��\�¦�Ð����ô�Ç��.#�l�"f, c = 3

4s����, 3n
4 lg( n

4)≤ 3
4nlgn�ÉrØ�æì�ry�	�H n\�@/K�"f�½Ó�©�$í
wn�ô�Ç��.����"f

T(n) = Θ(nlgn)s��)a��.

• \V]j 4:

T(n) = 2T
(n

2

)

+nlgn

#�l�"f a = 2, b = 2 f (n) = nlgns��¦, nlogb a = nlog2 2 = Θ(n)s�Ù¼�Ð, f (n) = Ω(nlog2 2+ε)s����¦½+ÉÃºe����.#�l�"f �̧��
&ñ
o� 3����̀¦&h�6 x½+ÉÃºe����Ht��Ðl�0AK�"f,Ø�æì�ry�	�H n\�@/K�"f, 2 f ( n

2) ≤ c× f (n)s�$í
wn����H 1�Ð������Ér c���>rF�
���H��\�¦�Ð����ô�Ç��.Õª�Q��, 2n

2 lg( n
2) ≤ cnlgn\�"fØ�æì�ry�	�H n\�@/K�"f�½Ó�©�$í
wn����H c��H\O���.�=������,0A_�

d���̀¦&ñ
o����� lgn−1
lgn ≤ c��÷&�¦,#Q*�ô�Ç c\�¦���×þ���8���̧s�ÂÒ1pxd���Ér$í
wn�½+ÉÃº\O���.����"f �̧��&ñ
o�\�¦s�6 x�#�

K�\�¦ ½̈½+ÉÃº\O���.s�����â
Äº��H��6£§_� �̧���Ð�̧&ñ
o�\�¦s�6 x�#�K�\�¦ ½̈½+ÉÃºe����.

3.3 �¿���×�¿Ça�h�
• ��6£§+þAI�_�F��&³~½Ó&ñ
d��

T(n) = a×T
(n

b

)

+ f (n)

\�"f, k≥ 0���#Q�"� k\�@/K�"f f (n)s� Θ(nlogb a lgk n)s���� T(n) = Θ(nlogb a lgk+1 n)s��)a��. (7£x"î
Òqt|ÄÌ)

• �̧���Ð�̧&ñ
o�_�&h�6 x_�\V
0A_��Ðl� 4���_�K���H f (n) = Θ(nlgn)s�Ù¼�Ð T(n) = Θ(nlg2 n)s��)a��.

s�]X�\�"f/BNÂÒô�Ç �̧��&ñ
o���HF��&³~½Ó&ñ
d���̀¦ÉÒ��HX<�©�{©�y�Ä»6 x�>�æ¼�����.����"f�Ðt�·ú§�¦�̧ F��&³~½Ó&ñ
d���̀¦ÉÒ��HX<&h�
6 x½+ÉÃºe���̀¦ëß��pus�&ñ
o�\�¦¢-a���y�s�K��l�\�¦�Ý¶�©�ô�Ç��.

V� 4â�
 ��ÒR�Ça�Ý~

• 1962̧��\�%ò
²DG_� ñ��(C.A.R. Hoare)_�_�K�"f�¦îß�

• ���Ér&ñ
§>=(Quicksort)êøÍs�2£§s� �̧K�_�#�t���e��6£§.�=��������z�́���©����Ér&ñ
§>=·ú��¦o�7£§s���m�l�M:ë�Hs���.	���
o� “ì�r½+É�§8̈�&ñ
§>=(partition exchange sort)”���¦ÂÒØÔ��H>��8&ñ
SX��<Ê

• �Ðl�: 15 22 13 27 12 10 20 25

4.1 ��ÒR�Ça�Ý~
N±Ó�§h�¤æ̧
• ë�H]j: n>h_�&ñ
Ãº\�¦q�?/aË>	�í�HÜ¼�Ð&ñ
§>=

• {9�§4�:&ñ
Ãº n > 0,ß¼l��� n���C�\P� S[1..n]

• Ø�¦§4�:q�?/aË>	�í�HÜ¼�Ð&ñ
§>=�)aC�\P� S[1..n]
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• ·ú��¦o�7£§:

void quicksort (index low, index high)
{

index pivotpoint;

if (high > low) {
partition(low,high,pivotpoint);
quicksort(low,pivotpoint-1);
quicksort(pivotpoint+1,high);

}
}

4.2 &P�TÒ»N±Ó�§h�¤æ̧
• ë�H]j:���Ér&ñ
§>=�̀¦�l�0AK�"fC�\P� S\�¦Ñüt�Ð ¥̧�±p��.

• {9�§4�: (1)'���� low , high , (2)'���� low \�"f high ��t�_� S_�ÂÒì�rC�\P�

• Ø�¦§4�:'���� low\�"f high ��t�_� S_�ÂÒì�rC�\P�_�l�ï�r&h�(pivot point),pivotpoint

• ·ú��¦o�7£§:

void partition (index low, index high,
index& pivotpoint)

{
index i,j;
keytype pivotitem;

pivotitem = S[low];
// pivotitem ¬Ûå ¬Ä³Éá Íð̈Íá®µכ ³Éò§ÑÞ¬Ûå ¡¼¦Ûá¤´

j = low;
for (i = low + 1; i <= high; i++)

if (S[i] < pivotitem) {
j++;
exchange S[i] and S[j];

}
pivotpoint = j;
exchange S[low] and S[pivotpoint];

// pivotitem ¡Éï¬Ûå pivotpoint ¬¹ £Íø£Ûá¤´
}

4.3 &P��7�

4.3.1 &P�TÒ»N±Ó�§h�¤æ̧�+�¿ÑM�¿R�ËÁ��·�§�bø5�k�ë5Ñ¡�́O±Õ�¿&P��7�

• l��:r1lx���: S[i] ü< keyü<_�q��§

• {9�§4�_�ß¼l�:ÂÒì�rC�\P�s���t��¦e����H�½Ó3lq_�Ãº, n = high− low+1

• ì�r$3�:C�\P�_�'Í	���P:�½Ó3lqëß�]jü@��¦ �̧��H�½Ó3lq�̀¦ô�Ç���m��q��§�Ù¼�Ð, T(n) = n−1s���.

4.3.2 ��ÒR�Ça�Ý~
N±Ó�§h�¤æ̧�+i¦»ÇÐ�+¿R�ËÁ��·�§�bø5�k�ë5Ñ¡�́O±Õ�¿&P��7�

• l��:r1lx���:ì�r½+É·ú��¦o�7£§_� S[i] ü< keyü<_�q��§

• {9�§4�_�ß¼l�:C�\P�s� S����t��¦e����H�½Ó3lq_�Ãº, n

• ì�r$3�:s�p�q�?/aË>	�í�HÜ¼�Ð&ñ
§>=s�÷&#Qe����HC�\P��̀¦&ñ
§>=��9��H�â
Äº��þj���_��â
Äº���)a��.�=ÕªXO���?q�?/aË>	�í�H
Ü¼�Ð&ñ
§>=÷&#Qe��Ü¼���'Í	���P:(l�ï�r&h�)�½Ó3lq�Ð������Ér�½Ó3lqÜ¼\O�Ü¼Ù¼�Ð,ß¼l��� n���C�\P��Érß¼l��� 0���ÂÒì�rC�\P��Ér¢,a
Aá¤\� �̧�¦,ß¼l��� n−1���ÂÒì�rC�\P��Ér �̧�ÉrAá¤\� �̧�̧2�¤�#�>�5Åq ¥̧>h�����.����"f,

T(n) = T(0)+T(n−1)+n−1

Õª���X<, T(0) = 0s�Ù¼�Ð,F��&³~½Ó&ñ
d���Ér��6£§õ�°ú s��)a��.

T(n) = T(n−1)+n−1, n > 0s����
T(0) = 0

s�F��&³~½Ó&ñ
d���̀¦Û�¦���,
T(n) = T(n−1)+n−1

T(n−1) = T(n−2)+n−2
T(n−2) = T(n−3)+n−3

· · ·
T(2) = T(1)+1
T(1) = T(0)+0
T(0) = 0
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T(n) = 1+2+ · · ·+(n−1) =
n(n−1)

2

��÷&Ù¼�Ð,s�p�&ñ
§>=s�÷&#Qe����H�â
Äº���Ér&ñ
§>=·ú��¦o�7£§_�r�çß�4�¤ú̧��̧��H n(n−1)
2 s��)a����H��z�́�̀¦·ú���¤��.Õª�Q���

r�çß�s��8 ú́§s����o���H�â
Äº��He���̀¦��?s��â
Äº��þj���_��â
Äºs� 9,����"fs��Ð���8 ú́§�Érr�çß�s����wn=Ãº��\O�����H
��z�́�̀¦Ãº�<Æ&h�Ü¼�Ð%3�x9��>�7£x"î
K��Ð��.

• �̧��H&ñ
Ãº n\�@/K�"f, W(n)≤ n(n−1)
2 e���̀¦7£x"î
�r��̧.

• 7£x"î
:Ãº�<Æ&h�)±ú�ZO�

)±ú�Ø�¦µ1Ï&h�: n = 0{9�M:, W(0) = 0≤ 0(0−1)
2

)±ú���&ñ
: 0≤ k < n��� �̧��H k\�@/K�"f, W(k)≤ k(k−1)
2

)±ú�éß�>�: W(n)≤ n(n−1)
2 e���̀¦�Ðs�����)a��.

W(n) ≤ W(p−1)+W(n− p)+n−1 pivotpoint °úכs� p����â
ÄºF��&³~½Ó&ñ
d��\�_�K�"f

≤ (p−1)(p−2)
2

+
(n− p)(n− p−1)

2
+n−1 )±ú���&ñ
\�_��#�

=
p2−3p+2+(n− p)2−n+ p+2n−2

2

=
p2 +(n− p)2 +n−2p

2

#�l�"f p�� 1s��� n−1{9�M:þj@/°ú̀�כ¦�������.����"f

max1≤p≤n−1(p2 +(n− p)2) = 12 +(n−1)2 = n2−2n+2

��÷&�¦,���õ�&h�Ü¼�Ð

W(n)≤ p2 +(n− p)2 +n−2p
2

≤ n2−2n+2+n−2
2

=
n2−n

2
=

n(n−1)
2

���)a��.����"fþj���_��â
Äºr�çß�4�¤ú̧��̧��H

W(n) =
n(n−1)

2
∈Θ(n2)

4.3.3 ��ÒR�Ça�Ý~
N±Ó�§h�¤æ̧�+ Ë̂�!C�k�ë5Ñ¡�́O±Õ�¿&P��7�

• l��:r1lx���:ì�r½+É·ú��¦o�7£§_� S[i] ü< keyü<_�q��§

• {9�§4�_�ß¼l�:C�\P�s� S����t��¦e����H�½Ó3lq_�Ãº, n

• ì�r$3�:C�\P�îß�\�e����H�½Ó3lqs�#Q�"�:£¤&ñ
í�HÜ¼�Ð&ñ
§>=s�÷&#Qe����H�â
Äº��H��z�́ Z>��Ð\O���.Õª�QÙ¼�Ðì�r½+É·ú��¦o�7£§s�
ÅÒ��Hl�ï�r&h�°úכ�Ér 1ÂÒ'� n��s�_�#Q�"�°ú̧�כ |̈cÃº��e���¦,ÕªSX�Ò�¦�Ér �̧¿º°ú ���¦ú<�̧�)a��.����"f, î̈
ç�H_��â
Äº\�¦�¦
�9ô�Çr�çß�4�¤ú̧��̧ì�r$3��̀¦K��̧�)a��.l�ï�r&h�s� p�� |̈cSX�Ò�¦�Ér 1

ns��¦,l�ï�r&h�s� p{9�M:¿ºÂÒì�rC�\P��̀¦&ñ
§>=���HX<���o�
��H î̈
ç�Hl�çß��Ér [A(p−1)+ A(n− p)]s��¦,ì�r½+É���HX<���o���Hr�çß��Ér n−1s�Ù¼�Ð, î̈
ç�H&h����r�çß�4�¤ú̧��̧��H��6£§õ�°ú 
s��)a��.

A(n) =
n

∑
p=1

1
n
[A(p−1)+A(n− p)]+n−1

=
2
n

n

∑
p=1

A(p−1)+n−1

�ª�����̀¦ nÜ¼�ÐY�L����,

nA(n) = 2
n

∑
p=1

A(p−1)+n(n−1) —- (1)

n@/��� n−1�̀¦@/{9�����,

(n−1)A(n−1) = 2
n−1

∑
p=1

A(p−1)+(n−1)(n−2) —- (2)

(1)\�"f (2)\�¦NS���,
nA(n)− (n−1)A(n−1) = 2A(n−1)+2(n−1)

çß�éß�y�&ñ
o�����,
A(n)
n+1

=
A(n−1)

n
+

2(n−1)
n(n+1)

#�l�"f,

an =
A(n)
n+1

���¦����,��6£§õ�°ú �ÉrF��&³~½Ó&ñ
d���̀¦%3��̀¦Ãº��e����.

an = an−1 +
2(n−1)
n(n+1)

n > 0s����

a0 = 0
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Õª�Q���,

an = an−1 +
2(n−1)
n(n+1)

an−1 = an−2 +
2(n−2)
(n−1)n

· · ·
a2 = a1 +

1
3

a1 = a0 +0

����"f,K���H

an =
n

∑
i=1

2(i−1)
i(i +1)

= 2

(

n

∑
i=1

1
i +1

−
n

∑
i=1

1
i(i +1)

)

#�l�\�"f �̧�ÉrAá¤�½Ó�ÉrÁºr�K��̧ |̈cëß��pu���Ü¼Ù¼�ÐÁºr�ô�Ç��. lnn = logens��¦,

n

∑
i=1

1
i

= 1+
1
2

+ · · ·+ 1
n
≈ lnn

s�Ù¼�Ð,K���H an ≈ 2lnn.����"f,
A(n) ≈ (n+1)2lnn

= (n+1)2(ln2)(lgn)
≈ 1.38(n+1) lgn
∈ Θ(nlgn)

V� 5â�
 �ßjÝ~
¹û�gכ�

5.1 í5�'K�ø5��ßjÝ~
¹û�g(matrixכ� multiplication) N±Ó�§h�¤æ̧
• ë�H]j: n×nß¼l�_�'��§>=_�Y�L�̀¦ ½̈�r��̧.

• {9�§4�:�ª�Ãº n, n×nß¼l�_�'��§>= Aü< B

• Ø�¦§4�:'��§>= Aü< B_�Y�L��� C

• ·ú��¦o�7£§:

void matrixmult (int n,
const number A[][],
const number B[][],
number C[][])

{
index i,j,k;

for (i = 1; i <= n; i++)
for (j = 1; j <= n; j++) {

C[i][j] = 0;
for (k = 1; k <= n; k++)

C[i][j] = C[i][j] + A[i][k] * B[k][j];
}

}

• r�çß�4�¤ú̧��̧ì�r$3� I:

. l��:r1lx���:���©�îß�Aá¤_�Ð�r[�ts�(loop)\�e����HY�L!lr���H1lx���

. {9�§4�_�ß¼l�:'��õ�\P�_�Ãº, n

. �̧��H�â
Äºr�çß�4�¤ú̧��̧ì�r$3�:8úxY�L!lr_�S��Ãº��H T(n) = n×n×n = n3 ∈Θ(n3)s���.

• r�çß�4�¤ú̧��̧ì�r$3� II:

. l��:r1lx���:���©�îß�Aá¤_�Ð�r[�ts�(loop)\�e����H »	!lr���H1lx���

. {9�§4�_�ß¼l�:'��õ�\P�_�Ãº, n

. �̧��H�â
Äºr�çß�4�¤ú̧��̧ì�r$3�:8úx »	!lr_�S��Ãº��H T(n) = (n−1)×n×n = n3−n2 ∈Θ(n3)s���.

5.2 2×2�ßjÝ~
:¹û�gכ� �DçÃ��!úd�+'�×ß��
• ë�H]j:¿º 2×2'��§>= Aü< B_�Y�L(product)C,

[

c11 c12
c21 c22

]

=
[

a11 a12
a21 a22

]

×
[

b11 b12
b21 b22

]
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• /'àÔ��M.p(Strassen)_�K�:

C =
[

m1 +m4−m5 +m7 m3 +m5
m2 +m4 m1 +m3−m2 +m6

]

#�l�"f
m1 = (a11+a22)× (b11+b22)
m2 = (a21+a22)×b11
m3 = a11× (b12−b22)
m4 = a22× (b21−b11)
m5 = (a11+a12)×b22
m6 = (a21−a11)× (b11+b12)
m7 = (a12−a22)× (b21+b22)

• r�çß�4�¤ú̧��̧ì�r$3�:éß�í�Hô�Ç~½ÓZO��Ér 8���_�Y�L!lrõ� 4���_� »	!lrs��9¹כ�ô�ÇìøÍ���,/'àÔ��M.p_�~½ÓZO��Ér 7���_�Y�L!lrõ� 18���_�
 »	!lr/õü�!lr�̀¦�9¹כ��Ðô�Ç��.���>pwú<"f��H���)�a%~��t�t�·ú§��¤��!Õª�Q��'��§>=_�ß¼l���&�t����/'àÔ��M.p_�~½ÓZO�_���u�
��[þt#Qèß���.

5.3 n×n�ßjÝ~
:¹û�gכ� �DçÃ��!úd�+'�×ß��
• ë�H]j: ns� 2_���[þv]jY�Ls��¦,y��'��§>=�̀¦ 4>h_�ÂÒì�r'��§>=(submatrix)�Ð��è�H���¦��&ñ
���.¿º n×n'��§>= Aü< B_�Y�LC:

[

C11 C12
C21 C22

]

=
[

A11 A12
A21 A22

]

×
[

B11 B12
B21 B22

]

• /'àÔ��M.p(Strassen)_�K�:

C =
[

M1 +M4−M5 +M7 M3 +M5
M2 +M4 M1 +M3−M2 +M6

]

#�l�"f
M1 = (A11+A22)× (B11+B22)
M2 = (A21+A22)×B11
M3 = A11× (B12+B22)
M4 = A22× (B21+B11)
M5 = (A11+A12)×B22
M6 = (A21−A11)× (B11+B12)
M7 = (A12−A22)× (B21+B22)

5.4 �DçÃ��!úd�+N±Ó�§h�¤æ̧
• ë�H]j: ns� 2_���[þv]jY�L{9�M:, n×nß¼l�_�¿º'��§>=_�Y�L�̀¦ ½̈�r��̧.

• {9�§4�:&ñ
Ãº n, n×nß¼l�_�'��§>= Aü< B

• Ø�¦§4�:'��§>= Aü< B_�Y�L��� C

• ·ú��¦o�7£§:

void strassen (int n,
n*n_matrix A,
n*n_matrix B,
n*n_matrix& C)

{
if (n <= ¨Öá¡ÈÍí)
¤ÉáªÖá³Éá ¬Éå¡¼¦ÈÛí¬Ûå ª ¬́Õò³´¬º C = A * B¦Ûå ¡»ªÉá;

else {
A¦Ûå 4 ¡µ¬Ç ¨Á¨Öá³Êò¦Ïå A11,A12,A21,A22 ¦¼ ¨Öá³Éå;
B¦Ûå 4 ¡µ¬Ç ¨Á̈Öá³Êò¦Ïå B11,B12,B21,B22 ¦¼ ¨Öá³Éå;
ªÄ±Æ¦´«Îá¬Ç ¨Éò̈Íî¬Ûå ª ¬́Õò³ ¬́º C = A * B¦Ûå ¡»ªÉá;
// ¤¿̈Á¦Æ£Ûá Öå¬Çכ¼³ ¬»: strassen(n/2,A11+A22,B11+B22,M1)

}
}

• 6 x#Q:ì�rl�&h�(threshold)s�êøÍ?éß�í�Hô�Ç·ú��¦o�7£§�Ð��/'àÔ��M.p_�·ú��¦o�7£§�̀¦��6 x���H¼#�s��8a%~�̀¦�&÷�©�s����¦\V	כ
��Ht�&h�.

5.5 &P��7�

5.5.1 k�ë5Ñ¡�́O±Õ�¿&P��7� I

• l��:r1lx���:Y�L!lr���H1lx���

• {9�§4�_�ß¼l�:'��õ�\P�_�Ãº, n
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• �̧��H�â
Äºr�çß�4�¤ú̧��̧ì�r$3�:ì�rl�&h�_�°ú̀�כ¦ 1s����¦���. (ì�rl�&h�_�°úכ�Ér	�Ãº\����)�%ò
�¾Ó�̀¦p�u�t�·ú§��H��.)F��&³
~½Ó&ñ
d���Ér

T(n) = 7T
(

n
2

)

n > 1s��¦, n = 2k(k≥ 1)
T(1) = 1

s�d���̀¦���>hK��Ð���,
T(n) = 7×7×·· ·×7 (k���)

= 7k

= 7lgn

= nlg7

= n2.81

∈ Θ(n2.81)

s����õ���HÃº�<Æ&h�)±ú�ZO�\�_�K�"f7£x"î
s���0px���.7£x"î
�̀¦K��Ð��.��z�́0A_�F��&³~½Ó&ñ
d���Ér �̧��&ñ
o� 3��t�×�æ\�"f
1����̀¦s�6 x����çß�éß�y�K�\�¦ ½̈½+ÉÃºe����.

5.5.2 k�ë5Ñ¡�́O±Õ�¿&P��7� II

• l��:r1lx���:�Ë	!lr/õü�!lr���H1lx���

• {9�§4�_�ß¼l�:'��õ�\P�_�Ãº, n

• �̧��H�â
Äºr�çß�4�¤ú̧��̧ì�r$3�:0A\�"fü<��ðøÍ��t��Ðì�rl�&h�_�°ú̀�כ¦ 1s����¦���.F��&³~½Ó&ñ
d���Ér

T(n) = 7T( n
2)+18( n

2)2 n > 1s��¦, n = 2k(k≥ 1)
T(1) = 0

�̧��&ñ
o�_� 3��t�×�æ\�"f 1����̀¦s�6 x����çß�éß�y�K�\�¦ ½̈½+ÉÃºe����.

T(n) = Θ(nlg2 7) = Θ(n2.81)

5.6 ��aËc
• ¿º>h_�'��§>=�̀¦Y�L�l�0Aô�Çë�H]j\�@/K�"fr�çß�4�¤ú̧��̧�� Θ(n2)s�÷&��H·ú��¦o�7£§�̀¦ëß�[þt#Q�·p��|ÃÐ�Ér��Áº�̧\O���.

• >�����Õª�Qô�Ç·ú��¦o�7£§�̀¦ëß�[þtÃº\O����¦7£x"î
ô�Ç��|ÃÐ�̧ ��Áº�̧\O���.

V� 6â�
 &P�TÒ»Ça�¡�́ß��£�·��£� �m�K±Ó�����ÐM�¿R�ËÁ
• ß¼l��� n���{9�§4�s� 2>hs��©�_� �̧y��Ü¼�Ðì�r½+É÷& 9,ì�r½+É�)aÂÒì�r[þt_�ß¼l�����_� n\���¾ú�>�÷&��H�â
Äº⇒r�çß�4�¤ú̧�
�̧:t�Ãº(exponential)r�çß�

• ß¼l��� n���{9�§4�s���_� n>h_� �̧y��Ü¼�Ðì�r½+É÷& 9,ì�r½+É�)aÂÒì�r_�ß¼l��� n/c����â
Äº.#�l�"f c��H�©�Ãºs���. ⇒r�çß�
4�¤ú̧��̧: Θ(nlgn)
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V� 3*�×

�â �\�N�Ì�(

• ì�r½+É&ñ
4�¤d��·ú��¦o�7£§[O�>�ZO��Ér��¾Ód��K����ZO�Ü¼�Ð"f,��¾º#Q���ÂÒì�r[þt��s�\�"f�Ð�©��'a�'a>���\O���Hë�H]j\�¦K�����
��HX<&h�½+Ë���. (II�©�\�"fC�î�r½+Ë#î
&ñ
§>=õ����Ér&ñ
§>=·ú��¦o�7£§�̀¦����©�K��Ð��)

• x��Ð��~� ·ú��¦o�7£§_� �â
Äº\���H ��¾º#Q��� ÂÒì�r[þts� "f�Ð ����'as� e����.7£¤,ì�r½+É&ñ
4�¤d�� ~½ÓZO��̀¦ &h�6 x�#� ·ú��¦o�7£§�̀¦
[O�>��>�÷&���°ú �Ér�½Ó�̀¦ô�Ç���s��©�>�íß����H���õ�\�¦�íA��>�÷&Ù¼�Ð ò́Ö�¦&h�s�t���·ú§��.����"fs��â
Äº\���Hì�r½+É
&ñ
4�¤d��~½ÓZO��Ér&h�½+Ë�t�·ú§��.

• 1lx&h�>�S\�ZO�(Dynamic programming)�Ér�©��¾Ód��K����ZO�(bottom-up approach)̀�¦��6 x�#�·ú��¦o�7£§�̀¦[O�>����H~½ÓZO�s���.
s�~½ÓZO��Érì�r½+É&ñ
4�¤d��~½ÓZO�õ���ðøÍ��t��Ðë�H]j\�¦��è�HÊê\���¾º#Q���ÂÒì�r[þt�̀¦���$�ó�r��.Õª�Q��s�p�Û�¦#Q"f²ú��̀¦
·ú��¦e����HÂÒì�r_����õ�����r��9¹כ�ô�Ç�â
Äº\���HìøÍ4�¤�#�>�íß����H@/���\�s�p�>�íß��)a���õ�\�¦Õªzª���6 xô�Ç��. (I�©�\�
"fC�î�rìøÍ4�¤&h�~½ÓZO��̀¦s�6 xô�Çx��Ð��~�·ú��¦o�7£§�̀¦����©�K��Ð��)

V� 1â�
 l�/�×N�ÊÁÄ©�e�
• s��½Ó>�Ãº ½̈���H/BNd��

[

n
k

]

=
n!

k!(n−k)!
for 0≤ k≤ n

• >�íß�|¾Ós� ú́§�Ér n! s��� k!�̀¦>�íß��t�·ú§�¦s��½Ó>�Ãº(binomial coefficient)\�¦ ½̈�l�0AK�"f:�x�©���6£§d���̀¦��6 xô�Ç��.

[

n
k

]

=







[

n−1
k−1

]

+
[

n−1
k

]

if 0 < k < n

1 if k = 0 or k = n

1.1 N±Ó�§h�¤æ̧: &P�TÒ»Ça�¡�́ÐÏ�â��FD9'�×ß��
• ë�H]j:s��½Ó>�Ãº\�¦>�íß�ô�Ç��

• {9�§4�:6£§Ãº�������&ñ
Ãº nõ� k,#�l�"f k≤ n

• Ø�¦§4�: bin ,

[

n
k

]

• ·ú��¦o�7£§:

int bin(int n,int k)
{

if (k == 0 || n == k)
return 1;

else
return bin(n-1,k-1) + bin(n-1,k);

}

• r�çß�4�¤ú̧��̧ì�r$3�:0A_�·ú��¦o�7£§�Ér���$í
�l���Hçß�éß��t�ëß�, ò́Ö�¦&h�s�t�·ú§��.�=������·ú��¦o�7£§�̀¦÷&ÂÒ\�¦M:(recursive
call) °ú �Ér >�íß��̀¦ ìøÍ4�¤K�"f Ãº'���l� M:ë�Hs���. \V\�¦[þt���, bin(n-1,k-1) õ� bin(n-1,k) ��H Ñüt�� bin(n-2,k-
1) _����õ����9¹כ�ô�ÇX<,���ÐìøÍ4�¤�#�>�íß�ô�Ç��.
[

n
k

]

�̀¦ ½̈�l�0AK�"fs�·ú��¦o�7£§s�>�íß����H�½Ó(term)_�Ì�	Ãº��H 2

[

n
k

]

−1s���.

• 7£x"î
: (n@/ô�ÇÃº�<Æ&h�)±ú�ZO�Ü¼�Ð7£x"î
)

)±ú�Ø�¦µ1Ï&h�: �½Ó_�Ì�	Ãº ns� 1{9�M: 2

[

1
k

]

−1 = 2×1−1 = 1s�H�d�̀¦�Ðs�����)a��.

[

1
k

]

��H k = 0s��� 1{9�M: 1s�Ù¼

�Ð�½Ó_�Ì�	Ãº��H�½Ó�©� 1s���.

)±ú���&ñ
:

[

n
k

]

�̀¦>�íß��l�0Aô�Ç�½Ó_�Ì�	Ãº��H 2

[

n
k

]

−1s����¦��&ñ
ô�Ç��.

29
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)±ú�]X�	�:

[

n+1
k

]

�̀¦>�íß��l�0Aô�Ç�½Ó_�Ì�	Ãº�� 2

[

n+1
k

]

−1e���̀¦�Ðs�����)a��.·ú��¦o�7£§\�_�K�"f

[

n+1
k

]

=
[

n
k−1

]

+
[

n
k

]

s�Ù¼�Ð,

[

n+1
k

]

\�¦ >�íß��l� 0Aô�Ç �½Ó_� 8úx Ì�	Ãº��H

[

n
k−1

]

�̀¦ >�íß��l� 0Aô�Ç �½Ó_� 8úx Ì�	Ãºü<
[

n
k

]

\�¦>�íß��l�0Aô�Ç�½Ó_�8úxÌ�	Ãº\�����s�Ñüt�̀¦�8�l�0Aô�Ç�½Ó 1�̀¦�8ô�ÇÃº���)a��.Õª���X<

[

n
k−1

]

�̀¦>�íß��

l�0Aô�Ç�½Ó_�Ì�	Ãº��H��&ñ
_�K�"f 2

[

n
k−1

]

−1s��¦,

[

n
k

]

\�¦>�íß��l�0Aô�Ç�½Ó_�Ì�	Ãº��H��&ñ
_�K�"f 2

[

n
k

]

−1s�

��.����"f�½Ó_�8úxÌ�	Ãº��H

2

[

n
k−1

]

−1+2

[

n
k

]

−1+1

= 2

(

n!
(k−1)!(n−k+1)!

+
n!

k!(n−k)!

)

−1

= 2

(

n!(k+n+1−k)
k!(n+1−k)!

)

−1

= 2

(

n!(n+1)
k!(n+1−k)!

)

−1

= 2

(

(n+1)!
k!(n+1−k)!

)

−1

= 2

[

n+1
k

]

−1

7£x"î
=åQ.

1.2 N±Ó�§h�¤æ̧: �â �\�N�Ì�(ÐÏ�â��FD9'�×ß��
• [O�>����|ÄÌ

1. ÷&ÂÒ2£§�'a>�d��(recursive property)̀�¦&ñ
wn�:

2	�"é¶C�\P� B\�¦ëß�[þt�¦,y�� B[i][ j]\���H
[

i
j

]

°ú̀�כ¦$��©���̧2�¤����,Õª°úכ�Ér��6£§õ�°ú �Ér÷&ÂÒ2£§�'a>�d��Ü¼�Ð>�

íß�½+ÉÃºe����.

B[i][ j] =
{

B[i−1][ j−1]+B[i−1][ j] if 0 < j < i
1 if j = 0 or j = i

2.

[

n
k

]

\�¦ ½̈�l�0AK�"f��H��6£§õ�°ú s� B[0][0]ÂÒ'�r�����#�0A\�"f��A��Ð÷&ÂÒ2£§�'a>�d���̀¦&h�6 x�#�C�\P��̀¦

G�0>��������)a��.���²DG

[

n
k

]

°úכ�Ér B[n][k]\�$��©��)a��.

B[0][0]
B[1][0] B[1][1]
B[2][0] B[2][1] B[2][2]
.................................
...........................................
B[k][0] B[k][1] ....................... B[k][k]
B[k+1][0] B[k+1][1] ....................... B[k+1][k]
...................................................
B[n][0] B[n][1] ....................... B[n][k]

0A_�C�\P�_�y���½Ó�Ér��6£§õ�°ú s�>�íß�s��)a��.

B[i-1][j-1] + B[i-1][j]
\\

B[i][j]

B[4][2] \�¦>�íß�K��Ðr��̧.

• %K�V�: s��½Ó>�Ãº\�¦>�íß�ô�Ç��

• ����]�: 6£§Ãº�������&ñ
Ãº nõ� k,#�l�"f k≤ n

• ��·�]�: bin ,

[

n
k

]

• N±Ó�§h�¤æ̧:

int bin2(int n,int k)
{

index i,j;
int B[0..n][0..k];

for (i = 0; i <= n; i++)
for (j = 0; j <= minimum(i,k); j++)
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if (j == 0 || j == i)
B[i][j] = 1;

else B[i][j] = B[i-1][j-1] + B[i-1][j];
return B[n][k];

}

• ì�r$3�:

. l��:r1lx���: for- j Ð�r[�ts�(loop)\�¦Ãº'�����HS��Ãº

. {9�§4�_�ß¼l�: n, k

i = 0{9�M: j Ð�r[�ts�Ãº'��S��Ãº : 1
i = 1{9�M: j Ð�r[�ts�Ãº'��S��Ãº : 2
i = 2{9�M: j Ð�r[�ts�Ãº'��S��Ãº : 3
................
i = k−1{9�M: j Ð�r[�ts�Ãº'��S��Ãº : k
i = k{9�M: j Ð�r[�ts�Ãº'��S��Ãº : k+1
i = k+1{9�M: j Ð�r[�ts�Ãº'��S��Ãº : k+1
................
i = n{9�M: j Ð�r[�ts�Ãº'��S��Ãº : k+1

����"f8úxÃº'��S��Ãº��H:

1+2+3+ · · ·+k+

n−k+1 times
︷ ︸︸ ︷

(k+1)+ · · ·+(k+1) =
k(k+1)

2
+(n−k+1)(k+1)

=
(2n−k+2)(k+1)

2
∈Θ(nk)

V� 2â�
 i¦í5�¿R��×P±Øe�: Floyd�+N±Ó�§h�¤æ̧
• þjéß��â
�Ð(Shortest paths)¹1Ôl�ë�H]j_��Ðl�:ô�Ç �̧r�\�"f���Ér �̧r��Ðf���½Ó�Ð��\O���H�â
Äº���©�À1Ïo�°ú�Ãºe����H�½Ó�Ð
\�¦¹1Ô��Hë�H]j

• ÕªA�áÔs��:r(Graph theory)6 x#Q: (95Aá¤_� Figure 3.2\�¦�ÃÐ�̧)
&ñ
&h�(vertex, node),s�6£§���(edge, arc),~½Ó�¾Ó$í
 ÕªA�áÔ(directed graph, digraph),��×�æu�(weight),��×�æu��� �í�<Ê�)a ÕªA�
áÔ(weighted graph),�â
�Ð(path),éß�í�H�â
�Ð(simple path) -°ú �Ér&ñ
&h��̀¦¿º���t���t�·ú§6£§,í�H8̈�(cycle) -ô�Ç&ñ
&h�\�"f��r�
Õª&ñ
&h�Ü¼�Ð[�t���̧��H�â
�Ð,í�H8̈�&h�ÕªA�áÔ(cyclic graph),q�í�H8̈�&h�ÕªA�áÔ(acyclic graph),U�́s�(length)

• ë�H]j:��×�æu����í�<Ê�)a,~½Ó�¾Ó$í
ÕªA�áÔ(weighted, directed graph)\�"fþjéß��â
�Ð¹1Ôl�. (95Aá¤_� Figure 3.2\�¦�ÃÐ�̧)

• ÅÒ#Q���ë�H]j\�@/�#����s��©�_� ú́§�ÉrK�²ú�s��>rF�½+ÉM:,s���î�rX<\�"f���©�þj&h����K�²ú�(optimal solution)̀�¦¹1Ô��
�� ���H ë�H]j\�¦ þj&h��oë�H]j(optimization problem)���¦ô�Ç��. þjéß��â
�Ð¹1Ôl�ë�H]j(shortest paths problem)��H þj&h��oë�H]j
\�5Åqô�Ç��.

• ÅÒ"3�½̈½̈d��·ú��¦o�7£§:ô�Ç&ñ
&h�\�"f���Ér&ñ
&h�Ü¼�Ð_� �̧��H�â
�Ð_�U�́s�\�¦ ½̈ô�Ç+',Õª[þt×�æ\�"fþj�èU�́s�\�¦¹1Ô��H��.
ì�r$3�:ÕªA�áÔ�� n>h_�&ñ
&h��̀¦��t��¦e���¦, �̧��H&ñ
&h�[þt��s�\�s�6£§���s��>rF�ô�Ç���¦��&ñ
���.Õª�Q���ô�Ç&ñ
&h� vi\�
"f#Q�"����Ér&ñ
&h� v j�Ð����H�â
�Ð[þt�̀¦�� �̧���Ð���,Õª�â
�Ð[þt×�æ\�"f�� Qt� �̧��H&ñ
&h��̀¦ô�Ç���m���Ér=�G��5g"f����H
�â
�Ð[þt�̧ �í�<Ê÷&#Qe����HX<,Õª�â
�Ð[þt_�Ãºëß�Äº���>�íß�K��Ð��. vi\�"fØ�¦µ1Ï�#�%�6£§\� �̧�ÃÌ½+ÉÃºe����H&ñ
&h�_���t�
Ãº��H n−2>hs��¦,Õª×�æ\����\�¦���×þ�����,Õª��6£§\� �̧�ÃÌ½+ÉÃºe����H&ñ
&h�_���t�Ãº��H n−3>hs��¦,s�XO�>�>�5Åq�
#�>�íß�K��Ð���,8úx�â
�Ð_�Ì�	Ãº��H (n−2)(n−3) · · ·1 = (n−2)!s��)a��.s��â
�Ð_�Ì�	Ãºëß��Ð���̧t�Ãº�Ð���s̀���ß¼Ù¼
�Ð,s�·ú��¦o�7£§�Ér]X�@/&h�Ü¼�Ðq�ò́Ö�¦&h�s���!

2.1 �â �\�N�Ì�(ÐÏ�à�
N�¦�>·ÈÐ ¿�©ØÄכ��-
• ÕªA�áÔ_����]X�'��§>=(adjacent matrix)d��³ð�&³: W

W[i][ j] =







s�6£§���_���×�æu� vi \�"f v j �Ð_�s�6£§���s�e�������
∞ vi \�"f v j �Ð_�s�6£§���s�\O������
0 i = j s����

• ÕªA�áÔ\�"fþjéß��â
�Ð_�U�́s�_�³ð�&³: 0≤ k≤ n���, D(k)

D(k)[i][ j] = {v1,v2, . . . ,vk}_�&ñ
&h�[þtëß��̀¦:�xK�"f vi \�"f v j �Ð����Hþjéß��â
�Ð_�U�́s�

• �Ðl�: 95Aá¤_� Figure 3.2\�e����HÕªA�áÔ��H��6£§õ�°ú s�W�Ð³ð�&³½+ÉÃºe��Ü¼ 9,y��&ñ
&h�[þt��s�_�þjéß���o���H>�íß��#�
��6£§õ�°ú s� D�Ð³ð�&³ô�Ç��.

W[i][ j] 1 2 3 4 5 D[i][ j] 1 2 3 4 5
1 0 1 ∞ 1 5 1 0 1 3 1 4
2 9 0 3 2 ∞ 2 8 0 3 2 5
3 ∞ ∞ 0 4 ∞ 3 10 11 0 4 7
4 ∞ ∞ 2 0 3 4 6 7 2 0 3
5 3 ∞ ∞ ∞ 0 5 3 4 6 4 0

#�l�"f, 0≤ k≤ 5 {9�M: , D(k)[2][5]\�¦ ½̈K��Ð��.

• D(0) = Ws��¦, D(n) = De���Érì�r"î
���.����"f D\�¦ ½̈�l�0AK�"f��H D(0)
\�¦��t��¦ D(n)�̀¦ ½̈½+ÉÃºe����H~½ÓZO��̀¦�¦îß�

K�?/#Q��ô�Ç��.
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2.2 �â �\�N�Ì�(ÐÏ�à�
N�â�
	�
1. D(k−1)�̀¦��t��¦ D(k)

\�¦>�íß�½+ÉÃºe����H÷&ÂÒ2£§�'a>�d�� (recursive property)̀�¦&ñ
wn�

D(k)[i][ j] = min(D(k−1)[i][ j]
︸ ︷︷ ︸

�â
Äº 1

,D(k−1)[i][k]+D(k−1)[k][ j]
︸ ︷︷ ︸

�â
Äº 2

)

¿R�ËÁ 1: {v1,v2, . . . ,vk}_�&ñ
&h�[þtëß��̀¦:�xK�"f vi\�"f v j�Ð����Hþjéß��â
�Ð�� vk\�¦��u�t�·ú§��H�â
Äº.�Ðl�: D(5)[1][3] =
D(4)[1][3] = 3

¿R�ËÁ 2: {v1,v2, . . . ,vk}_�&ñ
&h�[þtëß��̀¦:�xK�"f vi\�"f v j�Ð����Hþjéß��â
�Ð�� vk\�¦��u���H�â
Äº.�Ðl�: D(2)[5][3] = D(1)[5][2]+
D(1)[2][3] = 4+3 = 7

�×e�: D(2)[5][4]

2. �©��¾Ód��K����ZO�Ü¼�Ð k = 1ÂÒ'� n��t���6£§õ�°ú s�s�õ�&ñ
�̀¦ìøÍ4�¤�#�K�\�¦ ½̈ô�Ç��.

D(0),D(1), . . . ,D(n)

2.3 N±Ó�§h�¤æ̧

2.3.1 Floyd�+N±Ó�§h�¤æ̧ I

• ë�H]j:��×�æu����í�<Ê�)aÕªA�áÔ_�y��&ñ
&h�\�"f���Ér �̧��H&ñ
&h���t�_�þjéß���o�\�¦>�íß����.

• {9�§4�:��×�æu����í�<Ê�)a,~½Ó�¾Ó$í
ÕªA�áÔWü<ÕªÕªA�áÔ\�"f_�&ñ
&h�_�Ãº n.

• Ø�¦§4�:þjéß���o�_�U�́s����í�<Ê�)aC�\P� D

• ·ú��¦o�7£§:

void floyd(int n,
const number W[][],

number D[][])
{

int i,j,k;

D = W;
for (k = 1; k <= n; k++)

for (i = 1; i <= n; i++)
for (j = 1; j <= n; j++)

D[i][j] = minimum(D[i][j],D[i][k]+D[k][j]);
}

• �̧��H�â
Äº\�¦�¦�9ô�Çì�r$3�:

. l��:r1lx���: for- j Ð�r[�ts�(loop)îß�_�@/{9�ë�H

. {9�§4�_�ß¼l�:ÕªA�áÔ\�"f_�&ñ
&h�_�Ãº n

T(n) = n×n×n = n3 ∈Θ(n3)

2.3.2 Floyd�+N±Ó�§h�¤æ̧ II

• ë�H]j:��×�æu����í�<Ê�)aÕªA�áÔ_�y��&ñ
&h�\�"f���Ér �̧��H&ñ
&h���t�_�þjéß���o�\�¦>�íß���¦,y��y��_�þjéß��â
�Ð\�¦ ½̈�
��.

• {9�§4�:��×�æu����í�<Ê�)a,~½Ó�¾Ó$í
ÕªA�áÔWü<ÕªÕªA�áÔ\�"f_�&ñ
&h�_�Ãº n.

• Ø�¦§4�:þjéß���o�_�U�́s����í�<Ê�)aC�\P� D,Õªo��¦��6£§�̀¦ëß�7á¤���HC�\P� P:

P[i][ j] =







vi \�"f v j ��t�����Hþjéß��â
�Ð_�×�æçß�\�Z�~#�e����H&ñ
&h�s�þj�èô�Ç�����He����H�â
Äº →
ÕªZ�~#�e����H&ñ
&h�×�æ\�"f���©�	�H�����oÛ¼

þjéß��â
�Ð_�×�æçß�\�Z�~#�e����H&ñ
&h�s�\O���H�â
Äº→ 0

• ·ú��¦o�7£§:

void floyd2(int n,
const number W[][],

number D[][],
index P[][])

{
index i,j,k;

for (i = 1; i <= n; i++)
for (j = 1; j <= n; j++)
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P[i][j] = 0;
D = W;
for (k = 1; k <= n; k++)

for (i = 1; i <= n; i++)
for (j = 1; j <= n; j++)

if (D[i][k] + D[k][j] < D[i][j]) {
P[i][j] = k;
D[i][j] = D[i][k] + D[k][j];

}
}

• 95Aá¤_� Figure 3.2\�¦��t��¦ Dü< P\�¦ ½̈K��Ðr��̧.

P[i][ j] 1 2 3 4 5
1 0 0 4 0 4
2 5 0 0 0 4
3 5 5 0 0 4
4 5 5 0 0 0
5 0 1 4 1 0

2.3.3 i¦í5�¿R��×�+��·�]�

• ë�H]j:þjéß��â
�Ð�©�\�Z�~#�e����H&ñ
&h��̀¦Ø�¦§4����

• ·ú��¦o�7£§:

void path(index q,r)
{

if (P[q][r] != 0) {
path(q,P[q][r]);
cout << "v" << P[q][r];
path(P[q][r],r);

}
}

• 0A_� P\�¦��t��¦ path(5,3) �̀¦ ½̈K��Ðr��̧.

path(5,3) = 4
path(5,4) = 1

path(5,1) = 0
v1
path(1,4) = 0

v4
path(4,3) = 0

���õ�: v1 v4 .7£¤, v5\�"f v3Ü¼�Ð����Hþjéß��â
�Ð��H v5,v1,v4,v3s���.

V� 3â�
 �â �\�N�Ì�(ß��ø�i¦�\��ª%K�V�

3.1 �â �\�N�Ì�(ß��Uc�+ø5�à�
N�â�
	�
1. ë�H]j_�{9�§4�\�@/K�"fþj&h�(optimal)_�K�²ú��̀¦ÅÒ��H÷&ÂÒ2£§�'a>�d��(recursive property)̀�¦[O�&ñ


2. �©��¾Ó&h����K����~½ÓZO�Ü¼�Ðþj&h�_�K�²ú��̀¦>�íß�ô�Ç��.

3. �©��¾Ó&h����K����~½ÓZO�Ü¼�Ðþj&h�_�K�²ú��̀¦ ½̈»¡¤ô�Ç��.

3.2 i¦�\��+xjSÓÏ�
• #Q�"�ë�H]j_�{9�§4�\�@/ô�Çþj&h�K���Õª{9�§4��̀¦��¾º#Q ¥̧�±p#��QÂÒì�r\�@/ô�Çþj&h�K�\�¦�½Ó�©��í�<Ê��¦e��Ü¼���,Õªë�H]j
��Hi¦�\��+xjSÓÏ�(the principle of optimality)s�&h�6 x�)a�����¦ô�Ç��.

• �Ðl� 1: þjéß��â
�Ð\�¦ ½̈���Hë�H]j\�"f, vk\�¦ vi\�"f v j�Ð����Hþj&h��â
�Ð�©�_�&ñ
&h�s����¦����, vi\�"f vk�Ð����HÂÒì�r
�â
�Ðü< vk\�"f v j�Ð����HÂÒì�r�â
�Ð�̧ìøÍ×¼r�þj&h�s�#Q��ô�Ç��.s�XO�>�÷&���þj&h�s�"é¶gË:�̀¦ï�rÃº�>�÷&Ù¼�Ð1lx&h�>�S\�
ZO��̀¦��6 x�#�s�ë�H]j\�¦Û�¦Ãºe����!

• �Ðl� 2: þj�©��â
�Ð(longest path)\�¦ ½̈���H ë�H]j\�"f��H, þj&h�_� "é¶gË:s� &h�6 x÷&t� ·ú§��H��. 104Aá¤_� Example 3.4\�¦ �Ð
r��̧. v1\�"f v4�Ð_� þj�©��â
�Ð��H [v1,v3,v2,v4]�� �)a��. Õª�Q��, s� �â
�Ð_� ÂÒì�r�â
�Ð��� v1\�"f v3Ü¼�Ð_� þj�©��â
�Ð��H
[v1,v3]s���m��¦, [v1,v2,v3]s���.����"fþj&h�_�"é¶gË:s�&h�6 x÷&t�·ú§��H��. (ÅÒ_�:#�l�"f��Héß�í�H�â
�Ð(simple path),7£¤í�H
8̈�(cycle)s�\O���H�â
�Ðëß��¦�9ô�Ç��.)
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V� 4â�
 ¥o>�t�ßjÝ~
¹û�g(Matrix-chainכ� Multiplication)
• i× j '��§>=õ� j×k'��§>=�̀¦Y�L�l�0AK�"f��H{9�ìøÍ&h�Ü¼�Ð i× j×k���ëß��pu_�l��:r&h����Y�L!lrs��9¹כ����.

• ����W&h�Ü¼�Ð '��§>=�̀¦ Y�L½+É M:,#Q�"� '��§>=Y�L!lr�̀¦ ���$� Ãº'���Ö¼��\� ����"f ¹ô�Çכ��9 l��:r&h���� Y�L!lr_� S��Ãº�� ²ú���t�>�
�)a��.\V\�¦ [þt#Q"f,��6£§ ����W'��§>=Y�L!lr�̀¦ Òqty��K��Ð��: A1×A2×A3. #�l�"f A1_� ß¼l���H 10×100s��¦, A2_� ß¼l���H
100×5s��¦, A3_�ß¼l���H 5×50���¦���.ëß���� A1×A2\�¦���$�>�íß�ô�Ç�����,l��:r&h����Y�L!lr_�8úxS��Ãº��H 7,500�r���)a
��.Õª�Q��ëß���� A2×A3\�¦���$�Ãº'��ô�Ç�����,8úxS��Ãº��H 75,000�r���)a��.����"f,����W&h�Ü¼�Ð'��§>=�̀¦Y�L½+ÉM:l��:r&h����
Y�L!lr_�S��Ãº�����©�&h�>�÷&��Hþj&h�_�í�H"f\�¦���&ñ
���H·ú��¦o�7£§�̀¦>hµ1Ï���H�.���s��:r]X�_�3lq³ðs	כ

• ÅÒ"3�½̈½̈d��·ú��¦o�7£§:��0pxô�Ç �̧��Hí�H"f\�¦ �̧¿º �¦�9K��Ð�¦,Õª��î�rX<\�"f���©�þj�è\�¦×þ�ô�Ç��.Õª�Q��s�·ú��¦o�
7£§�Érþj�èô�Çt�Ãº(exponential-time)&h����r�çß�4�¤ú̧��̧\�¦�������.

7£x"î
: n>h_�'��§>=(A1,A2, . . . ,An)�̀¦ Y�L½+É Ãºe����H �̧��H í�H"f_� ��t�Ãº\�¦ tns����¦ ���.ëß���� A1s���t�}��Ü¼�Ð Y�L���H
'��§>=s����¦ ����,'��§>= A2, . . . ,An�̀¦ Y�L���H X<��H tn−1>h_� ��t�Ãº�� e���̀¦ �.���s	כ Ans� ��t�}��Ü¼�Ð Y�L���H '��§>=s���
�¦ ����, '��§>= A1, . . . ,An−1�̀¦ Y�L���H X<��H ¢̧ô�Ç tn−1>h_� ��t�Ãº�� e���̀¦ �.���s	כ Õª�Q���, tn ≥ tn−1 + tn−1 = 2tn−1s��¦
t2 = 1s�����H��z�́�Ér~1�>�·ú�Ãºe����.����"f tn ≥ 2tn−1 ≥ 22tn−2 ≥ 23tn−3 ≥ ·· · ≥ 2n−2t2 = 2n−2 = Θ(2n)

4.1 �â �\�N�Ì�(ÐÏ�à�
N�¦�>·ÈÐ
• dk\�¦ '��§>= Ak_� \P�(column)_� Ãº���¦ ���.Õª�Q��� �����y� Ak_� '��(row)_� Ãº��H dk−1�� �)a��.Õªo��¦ A1_� '��_� Ãº��H

d0���¦���.Õª�Q���,��6£§õ�°ú s�÷&ÂÒ2£§�'a>�d���̀¦ ½̈»¡¤½+ÉÃºe����. 1≤ i ≤ j ≤ n{9�M:

M[i][ j] = i < j {9�M: AiÂÒ'� A j��t�_�'��§>=�̀¦Y�L���HX<�9¹כ�ô�Çl��:r&h����Y�L!lr_�þj�èS��Ãº
= mini≤k≤ j−1(M[i][k]+M[k+1][ j]+di−1dkd j ) if i < j

M[i][i] = 0

• �Ðl�:
A1 A2 A3 A4 A5 A6

5×2 2×3 3×4 4×6 6×7 7×8

M[4][6] = min4≤k≤5(M[4][4]+M[5][6]+4×6×8,M[4][5]+M[6][6]+4×7×8)
= min(0+6×7×8+4×6×8,4×6×7+0+4×7×8)
= min(528,392) = 392

M[i][ j] 1 2 3 4 5 6
1 0 30 64 132 226 348
2 0 24 72 156 268
3 0 72 198 366
4 0 168 392
5 0 336
6 0

• þj&h�í�H"f��H%3�l�0AK�"f��H M[i][ j]\�¦>�íß�½+ÉM:þj�è°ú̀�כ¦ÅÒ��H k°ú̀�כ¦ P[i][ j]\�l�%3�ô�Ç��.\V\�¦[þt#Q"f, P[2][5] = 4���
�â
Äº_�þj&h�í�H"f��H (A2A3A4)A5s���.0A_��Ðl�\�¦��t��¦ P\�¦ ½̈»¡¤������6£§õ�°ú s��)a��.

P[i][ j] 1 2 3 4 5 6
1 1 1 1 1 1
2 2 3 4 5
3 3 4 5
4 4 5
5 5

0A_�C�\P� P��ÅÒ#Q&���̀¦M:,þj&h�ì�rK���H (A1((((A2A3)A4)A5)A6)).

• þj&h�_�"é¶gË:s�s�·ú��¦o�7£§\�&h�6 xs�÷&��H��?Òqty��K��Ðr��̧.

4.2 N±Ó�§h�¤æ̧

4.2.1 i¦�¿¹כ�û�g(Minimum Multiplication): Godbole(1972)

• ë�H]j: n>h_� '��§>=�̀¦Y�L���HX<�9¹כ�ô�Çl��:r&h���� Y�L!lr_�S��Ãº_�þj�èu�\�¦���&ñ
��¦,Õªþj�èu�\�¦ ½̈���Hí�H"f\�¦���&ñ

���.

• {9�§4�:'��§>=_�Ãº n,C�\P� d[1..n] ,#�l�"f d[i-1] × d[i] ��H i ���P:'��§>=_�½©�̧\�¦�����·p��.

• Ø�¦§4�:l��:r&h����Y�L!lr_�S��Ãº_�þj�èu�\�¦����?/��Hminmult ;þj&h�_�í�H"f\�¦%3��̀¦Ãºe����HC�\P� P,#�l�"f P[i][j] ��H
'��§>= i ÂÒ'� j ��t���þj&h�_�í�H"f�Ð°ú���t���Hl�&h��̀¦�����·p��.

• N±Ó�§h�¤æ̧:

int minmult(int n,
const int d[],

index P[][])
{

index i,j,k,diagonal;
int M[1..n,1..n];
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for (i = 1; i <= n; i++)
M[i][i] = 0;

for (diagonal = 1; diagonal <= n-1; diagonal++)
for (i = 1; i <= n-diagonal; i++) {

j = i + diagonal;
M[i][j] = minimum(M[i][k]+M[k+1][j]+d[i-1]*d[k]*d[j]);

where i <= k <= j-1
P[i][j] = È¦Ûåכ¼ª¿כ Á£Ûá k ¬Ç ¡Éï

}
return M[1][n];

}

4.2.2 i¦�¿¹כ�û�gN±Ó�§h�¤æ̧�+�¿ÑM�¿R�ËÁ��·�§�bø5�&P��7�

• l��:r1lx���:y�� k°úכ\�@/�#�z�́'���)a"î
§î
ë�H(instruction),#�l�"fþj�è°úכ���t�\�¦·ú����Ð��Hq��§ë�H�̧ �í�<Êô�Ç��.

• {9�§4�_�ß¼l�:Y�L½+É'��§>=_�Ãº n

• K�$3�: j = i +diagonals�Ù¼�Ð, k-Ð�r[�ts�(loop)\�¦Ãº'�����HS��Ãº��H

( j−1)− i +1 = i +diagonal−1− i +1 = diagonal

s�÷&�¦, for-i-Ð�r[�ts�\�¦Ãº'�����HS��Ãº��H n−diagonals��)a��.����"f

n−1

∑
diagonal=1

[(n−diagonal)×diagonal] =
n(n−1)(n+1)

6
∈Θ(n3)

4.2.3 i¦�\��+B���·ÌÁÐM�'K�"��+��·�]�

• ë�H]j: n>h_�'��§>=�̀¦Y�L���Hþj&h�_�í�H"f\�¦Ø�¦§4��r��̧.

• {9�§4�: nõ� P.

• Ø�¦§4�:þj&h�_�í�H"f

• ·ú��¦o�7£§:

void order(index i, index j)
{

if (i == j)
cout << "A" << i;

else {
k = P[i][j];
cout << "(";
order(i,k);
order(k+1,j);
cout << ")";

}
}

• order(i,j) _�_�p�: Ai ×·· ·×A j_�>�íß��̀¦Ãº'�����HX<l��:r&h����Y�L!lr_�Ãº�����©�&h�>�×¼��Hí�H"f@/�ÐF�c ñ\�¦5g
"fØ�¦§4��r��̧.

• ì�r$3�: T(n) ∈ Θ(n).#Qb�G>�?

4.3 ��ÒR�N±Ó�§h�¤æ̧
• Yao(1982) -Θ(n2)

• Hu and Shing(1982,1984) -Θ(nlgn)
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V� 4*�×

¿ÇÔ£�́�\�ê�>â��FD9'�×ß��

• �ÃÐ6 ¤&h����·ú��¦o�7£§(Greedy algorithm)�Ér���&ñ
�̀¦K���½+ÉM:����Õªí�Hçß�\����©�a%~���¦Òqty��÷&��H��K�²ú�Ü¼�Ð���×þ¦̀�	כ
�Ù¼�Ð"fþj7áx&h����K�²ú�\� �̧²ú�ô�Ç��.

• Õªí�Hçß�_����×þ��ÉrÕª{©�r�(local)\���Hþj&h�s���.Õª�Q��þj&h�s����¦Òqty��Ùþ¡~��K�²ú�[þt�̀¦ �̧��"fþj7áx&h����(global)K�²ú�
�̀¦ëß�[þt%3����¦K�"f,ÕªK�²ú�s�ÏãÎ�FG&h�Ü¼�Ðþj&h�s�����H�Ð�©�s�\O���.

• ����"f�ÃÐ6 ¤&h����·ú��¦o�7£§�Ér�½Ó�©�þj&h�_�K�²ú��̀¦ÅÒ��Ht�\�¦ìøÍ×¼r����7£xK���ô�Ç��.

• {9�ìøÍ&h�Ü¼�Ðs�ü<°ú �Ér�ÃÐ6 ¤&h����]X���H~½ÓZO��Ér��6£§õ�°ú �Ér]X�	��Ð���'��s��)a��.

1. ¤n>Ça�ø�Ça�(selection procedure)-�&³F��©�I�\�"f���©�a%~Ü¼o����¦Òqty��÷&��H(greedy)K�²ú��̀¦¹1Ô��"fK�²ú��̧6£§(solution
set)\��í�<Êr������.

2. �\�Ça�Å]��\�~É�(feasibility check) -Dh�Ð%3��ÉrK�²ú��̧6£§s�&h�]X�ô�Çt�\�¦���&ñ
ô�Ç��.

3. B�I±Õ�\�~É�(solution check)-Dh�Ð%3��ÉrK�²ú��̧6£§s�þj&h�_�K����t�\�¦���&ñ
ô�Ç��.

• �Ðl�:��Û¼2£§�7Hë�H]j

. ë�H]j:1lx���_�Ì�	Ãº��þj�è��÷&�̧2�¤��Û¼2£§�7H�̀¦ÅÒ��Hë�H]j

. �ÃÐ6 ¤&h����·ú��¦o�7£§:��Û¼2£§�7H�̀¦ x�����.���$�,��u������©�Z�}�Ér1lx����̀¦ x���íõ�÷&t�·ú§�̧2�¤>�5Åq?/#Qï�r��.
s�õ�&ñ
�̀¦��u���Z�}�Ér1lx���ÂÒ'�?/aË>í�HÜ¼�Ð8úxÓ�os�&ñ
SX�y� x�� |̈cM:��t�>�5Åqô�Ç��.

. �&³F� Äºo�����\�"f Ä»:�x÷&�¦ e����H 1lx��� ëß��̀¦ ��t��¦,s� ·ú��¦o�7£§�̀¦ &h�6 x�#� ��Û¼2£§�7H�̀¦ ÅÒ���,�½Ó�©� 1lx���_�
Ì�	Ãº��Hþj�è���)a��.����"fs�·ú��¦o�7£§�Érþj&h�(optimal)!

. Õª�Q��, ëß���� 12"é¶ ��o� 1lx����̀¦ Dh�Ð µ1Ï'��½+É �â
Äº\���H s� ·ú��¦o�7£§�̀¦ &h�6 x�#� ��Û¼2£§�7H�̀¦ ÅÒ���, �½Ó�©� 1lx���
_� Ì�	Ãº��H þj�è�� �)a����H �Ð�©�s� \O���.\V\�¦ [þt#Q,��_þt�Q ÅÒ#Q��½+É �7H_� Ó�oÃº�� 16"é¶s��¦,s� ·ú��¦o�7£§�̀¦ &h�
6 x����: 12"é¶ × 1, 1"é¶ × 4ü< °ú s� ��_þt�Q ÅÒ#Q�� ½+É 1lx���_� Ì�	Ãº�� 5>h��� �Ü¼�Ð	כ K�²ú�s� ���̧t�ëß�,s���H þj
&h�(optimal)s���m���.þj&h�_�K���H 10"é¶ × 1, 5"é¶ × 1, 1"é¶ × 1s�÷&#Q1lx���_�Ì�	Ãº��H 3>h���)a��.

V� 1â�
 i¦�¿j�£� é�>*�×��ÈÁ
• ÕªA�áÔs��:r(graph theory)6 x#Q: q�~½Ó�¾Ó$í
 ÕªA�áÔ (undirected graph)G = (V,E), #�l�"f V��H ��n�(vertex)_� |9�½+Ës��¦

E��Hs�6£§���(edge)_�|9�½+Ës���.�â
�Ð(path).�������)aÕªA�áÔ (connected graph) -#Q�"�¿º��n���s�\��̧�â
�Ð���>rF�ô�Ç��.
ÂÒì�rÕªA�áÔ(subgraph),��×�æu����í�<Ê�)aÕªA�áÔ(weighted graph).í�H8̈��â
�Ð(cycle),í�H8̈�&h�ÕªA�áÔ(cyclic graph),q�í�H8̈�
&h�ÕªA�áÔ(acyclic graph).��Áº(tree) -q�í�H8̈�&h�s� 9,�������)a,q�~½Ó�¾Ó$í
ÕªA�áÔ.ÍÒo�e����H��Áº(rooted tree) -ô�Ç��n���
ÍÒo��Ðt�&ñ
�)a��Áº.

• 139Aá¤_� Figure 4.3̀�¦�ÃÐ�̧�r��̧.

• �������)a,q�~½Ó�¾Ó$í
ÕªA�áÔG\�"fí�H8̈��â
�Ð\�¦]j������"f�������)aÂÒì�rÕªA�áÔ��÷&�̧2�¤s�6£§����̀¦]j����������©���Áº(spanning tree)��
�)a��.����"f����©���Áº��H Gîß�\�e����H �̧��H��n�\�¦���í�<Ê����"f��Áº��÷&��H�������)aÂÒì�rÕªA�áÔs���.

• ����©���Áº�� ÷&��H G_� ÂÒì�rÕªA�áÔ ×�æ\�"f ��×�æu��� þj�è�� ÷&��H ÂÒì�rÕªA�áÔ\�¦ i¦�¿j�£� é�>*�×��ÈÁ (minimum span-
ning tree)���¦ô�Ç��.#�l�"fþj�è_���×�æu�\�¦�����ÂÒì�rÕªA�áÔ��HìøÍ×¼r���Áº��÷&#Q��ô�Ç��.�=������,ëß������Áº��
��m������,ì�r"î
y�í�H8̈��â
�Ð(cycle)��e���̀¦���s��¦,ÕªXO�>�÷&���í�H8̈	כâ
�Ð�©�_�ô�Çs�6£§����̀¦]j�������8����Érq�6 x_�
����©���Áº��÷&l�M:ë�Hs���.

• �'a¹1Ï: �̧��H����©���Áº��þj�èq�6 x����©���Áº��H��m���.

• �Ðl�:

. �̧�Ð|	�[O� - �̧r�[þt�̀¦ �̧¿º����������"f �̧�Ð_�U�́s���þj�è��÷&�̧2�¤���Hë�H]j

. :�x���(telecommunications) -����o���_�U�́s���þj�è��÷&�̧2�¤����oH�s��̂¦}©��̀¦ ½̈$í
���Hë�H]j

. C��'a(plumbing) -��s�áÔ_�8úxU�́s���þj�è��÷&�̧2�¤���������Hë�H]j

• ÅÒ"3�½̈½̈d��·ú��¦o�7£§: �̧��H����©���Áº\�¦���¦�9K��Ð�¦,Õª×�æ\�"fþj�èq�6 xs�×¼��H���_����Ér��.s���Hþj¦�¦̀�	כâ
Äº,
t�Ãº�Ð���̧��åÔ��.�=Õª���t�Òqty��K��Ðr��̧.
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1.1 i¦�¿j�£� é�>*�×��ÈÁ��·Ä©�e��Dø5�¿ÇÔ£�́�\�ê�>N±Ó�§h�¤æ̧
• ë�H]j:q�~½Ó�¾Ó$í
ÕªA�áÔ G = (V,E)��ÅÒ#Q&���̀¦M:, F ⊆ E\�¦ëß�7á¤����"f, (V,F)�� G_�þj�èq�6 x����©���Áº(MST)��÷&��H

F\�¦¹1Ô��Hë�H]j.

• ·ú��¦o�7£§:

1. F := /0;

2. þj7áxK�²ú��̀¦%3�t�3lw���H1lxîß���6£§]X�	�\�¦>�5ÅqìøÍ4�¤���

(a) ¤n>Ça�â�
	�: &h�]X�ô�Çþj&h�K����&ñ
]X�	�\�����"f���_�s�6£§����̀¦���&ñ

(b) �\�Ça�Å]��\�~É�: ���&ñ
ô�Çs�6£§����̀¦ F\�ÆÒ��r�&��̧í�H8̈��â
�Ð��Òqtl�t�·ú§Ü¼���, F\�ÆÒ��r������.

(c) B�I±Õ�\�~É�: T = (V,F)������©���Áºs����, T��þj�èq�6 x����©���Áºs���.

• [jÂÒ&h����·ú��¦o�7£§�Ér���&ñ
]X�	���#Qb�G>�÷&��H��\�����"f	�s���e���̀¦Ãºe����.��6£§\����&ñ
]X�	������Ér 2��t�@/³ð
&h����·ú��¦o�7£§�̀¦�è>hô�Ç��.

1.2 Prim�+N±Ó�§h�¤æ̧

1.2.1 ÍÙ(�×�\�ê�>N±Ó�§h�¤æ̧

1. F := /0;

2. Y := {v1};
3. þj7áxK�²ú��̀¦%3�t�3lw���H1lxîß���6£§]X�	�\�¦>�5ÅqìøÍ4�¤���

(a) ¤n>Ça�â�
	�/�\�Ça�Å]��\�~É�: V−Y\�5Åqô�Ç��n�×�æ\�"f, Y\����©�����î�r��n����\�¦���&ñ
ô�Ç��

(b) ���&ñ
ô�Ç��n�\�¦Y\�ÆÒ��ô�Ç��

(c) Y�Ðs�#Qt���Hs�6£§����̀¦ F\�ÆÒ��ô�Ç��

(d) B�I±Õ�\�~É�: Y = V��÷&���, T = (V,F)��þj�èq�6 x����©���Áºs���.

1.2.2 TzÉÙ�\�ê�>N±Ó�§h�¤æ̧

• ÕªA�áÔ_����]X�'��§>=d��³ð�&³

W[i][ j] =







s�6£§���_���×�æu� vi \�"f v j �Ð_�s�6£§���s�e�������
∞ vi \�"f v j �Ð_�s�6£§���s�\O������
0 i = j s����

• ÆÒ��&h�Ü¼�Ð nearest[1..n] õ� distance[1..n] C�\P�Ä»t�
nearest[i] = Y\�5Åqô�Ç��n�×�æ\�"f vi\�"f���©�����î�r��n�_������oÛ¼
distance[1..n] = viü< nearest[i] \�¦e±	��Hs�6£§���_���×�æu�

void prim(int n, // ¬Ýî¦ÏÞ: §´¤È¬Ç ªÁ
const number W[][], // ¬Ýî¦ÏÞ: ¡Æ¦µ²Æ¬Ç ¬ÝáÍî³Êò¦ÏåªÝÞ ²À³Ïá
set_of_edges& F) // :Öå¦ÏÞכ ¡Æ¦µ²Æ¬Ç MST¬¹ ªÑÞ³Éá ¬È¬ÛíªÍá¬Ç Ýî³Éî

{
index i, vnear;
number min;
edge e;
index nearest[2..n];
number distance[2..n];

F = empty_set;
for (i = 2; i <= n; i++) { // ½È³¡¼כ

nearest[i] = 1; // vi ¬¹ª¸ ¡ ́Éò ¡ ¢́ ¬́Öá § ¤́È¦Ûå v1 ¬Æ¦¼ ½È³¡¼כ
distance[i] = W[1][i]; // vi ¡½ v1 ¬Ûå ¬Ýð£Ûá ¬È¬ÛíªÍá¬Ç ¡ ́ÖòכÈ¦¼ ½È³¡¼כ

}
repeat (n-1 times) { // n-1 ¡µ¬Ç § ¤́È¦Ûå Y¬¹ ¡Áכ ³́Éá¤´

min = "infinite";
for (i = 2; i <= n; i++) // ¡ÉÞ § ¤́È¬¹ ¤µ³µª¸

if (0 <= distance[i] <= min) { // distance[i] ¦Ûå ¡Ííª ³́´¬º
min = distance[i]; // ¡ ́Éò ¡ ¢́ ¬́È ¬Ýñ£Ûá § ¤́È(vnear) ¦Ûå
vnear = i; // .´¤Éó£Ûáכ

}
e = vnear ¬½ nearest[vnear] ¦Ûå ¬Ýð£Ûá ¬È¬ÛíªÍá;
e ¦Ûå F¬¹ ;´¡Áכ
distance[vnear] = -1; // Éó¬Ûáכ § ¤́È¦Ûå Y¬¹ ¡Áכ ³́Éá¤´.
for (i = 2; i <= n; i++) //

if (W[i][vnear] < distance[i]) { // Y ¬¹ ¬Íï£Ûá ¡ÉÞ § ¤́È¬¹ ¤µ³µª¸
distance[i] = W[i][vnear]; // distance[i] ¦Ûå ¡ÊòªÝá³Éá¤´.
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nearest[i] = vnear;
}

}
}

1.2.3 &P��7�

• l��:r1lx���: repeatÐ�r[�ts�îß�\�e����H¿º>h_� forÐ�r[�ts�?/ÂÒ\�e����H"î
§î
ë�H

• {9�§4�ß¼l�:��n�_�>hÃº, n

• ì�r$3�: repeatÐ�r[�ts��� n−1���ìøÍ4�¤÷&Ù¼�Ð T(n) = 2(n−1)(n−1) ∈Θ(n2)

1.2.4 i¦�\�#bÉÙ�+~É�¤� (Optimality Proof)

• Prim_�·ú��¦o�7£§s�¹1Ô���·p����©���Áº��þj�èq�6 x(minimal)���t�\�¦���7£xK���ô�Ç��.��r� ú́�����, Prim_�·ú��¦o�7£§s�þj
&h�(optimal)���t�\�¦�Ð#���ô�Ç��.

• Ça��+ 4.1: q�~½Ó�¾Ó$í
ÕªA�áÔ G = (V,E)��ÅÒ#Qt��¦,ëß���� E_�ÂÒì�r|9�½+Ë F\� MST��÷&�̧2�¤s�6£§����̀¦ÆÒ��½+ÉÃºe��Ü¼
���, F��HÄ»}©����(promising)���¦ô�Ç��.

• Qc�� 4.1: G= (V,E)��H������÷&�¦,��×�æu�\�¦�í�<Êô�Ç,q�~½Ó�¾Ó$í
ÕªA�áÔ���¦��¦, F��H E_�Ä»}©�ô�ÇÂÒì�r|9�½+Ës����¦��¦,
Y��H F îß�\�e����Hs�6£§���[þt\�_�K�"f������s�÷&#Qe����H��n�_�|9�½+Ës����¦���.s�M:, Y\�e����H#Q�"���n�ü< V−Y\�
e����H#Q�"���n�\�¦e±	��Hs�6£§���×�æ\�"f��×�æu������©�����Érs�6£§����̀¦ e���¦����, F ∪{e}��HÄ»}©����.

7£x"î
: F��Ä»}©��l�M:ë�H\� F ⊆ F ′ s����"f (V,F ′)��þj�èq�6 x����©���Áº(MST)��÷&��Hs�6£§��� F ′��ìøÍ×¼r��>rF�ô�Ç��.

. �â
Äº 1:ëß�{9� e∈ F ′�����, F ∪{e} ⊆ F ′��÷&�¦,����"f F ∪{e}�̧ Ä»}©����.

. �â
Äº 2:ëß�{9� e 6∈ F ′�����, (V,F ′)��H����©���Áºs�l�M:ë�H\�, F ′∪{e}��HìøÍ×¼r�í�H8̈��â
�Ð\�¦����í�<Ê�>�÷&�¦, e��H
ìøÍ×¼r�Õªí�H8̈��â
�Ð��î�rX<ô�Çs�6£§���s��)a��.Õª�Q��� Y\�e����Hô�Ç��n�\�"f V−Y\�e����Hô�Ç��n�\�¦���������H
#Q�"����Érs�6£§��� e′ ∈ F ′��Õªí�H8̈��â
�Ðîß�\�ìøÍ×¼r��>rF��>��)a��.#�l�"fëß���� F ′ ∪{e}\�"f e′\�¦]j������,
Õªí�H8̈��â
�Ð��H\O�#Qt�>�÷& 9,��r�����©���Áº���)a��.Õª���X< e��H Y\�e����Hô�Ç��n�\�"f V−Y\�e����Hô�Ç��n�
\�¦���������Hþj�è_���×�æu�(weight)\�¦�����s�6£§���s�l�M:ë�H\�, e_���×�æu���HìøÍ×¼r� e′_���×�æu��Ð���������
°ú ����ô�Ç��. (z�́]j�Ð��HìøÍ×¼r�°ú >��)a��.)Õª�Q��� F ′ ∪{e}−{e′}��Hþj�èq�6 x����©���Áº(MST)s���.����:r&h�Ü¼
�Ð e′��H F îß�\�]X�@/�Ð5Åq½+ÉÃº\O�Ü¼Ù¼�Ð (F îß�\�e����Hs�6£§���[þt�ÉrYîß�\�e����H��n�[þtëß��̀¦�������<Ê�̀¦l�%3����),
F ∪{e} ⊆ F ′ ∪{e}−{e′}��÷&�¦,����"f F ∪{e}��HÄ»}©����.

• Prim_�·ú��¦o�7£§�Ér�½Ó�©�þj�èq�6 x����©���Áº\�¦ëß�[þt#Q�·p��.

7£x"î
(Ãº�<Æ&h�)±ú�ZO�):B����ìøÍ4�¤s�Ãº'���)aÊê\�|9�½+Ë F��Ä»}©������H����Ðs�����)a¦̀�	כ

. Ø�¦µ1Ï&h�:/BN|9�½+Ë�Ér{©����y�Ä»}©����

. )±ú���&ñ
:#Q�"�ÅÒ#Q���ìøÍ4�¤s�s�ÀÒ#Q���Êê,ÕªM:��t����&ñ
�%i�~��s�6£§���_�|9�½+Ë��� F��Ä»}©�����¦��&ñ
ô�Ç��

. )±ú�]X�	�:|9�½+Ë F ∪{e}��Ä»}©������H��Ðs�����)a��.#�l�"f¦̀�	כ e��H��6£§éß�>�_�ìøÍ4�¤Ãº'��r����&ñ
�)as�6£§���s�
��.Õª���X<,0A_�YU�� 1\�_��#� F ∪{e}�ÉrÄ»}©�����¦½+ÉÃºe����.�=������s�6£§��� e��HY\�e����H#Q�"���n�\�¦
V−Y\�e����H#Q�"���n��Ðe±	��Hs�6£§���×�æ\�"fþj�è_���×�æu�\�¦��t��¦e��l�M:ë�Hs���

7£x"î
=åQ.

1.3 Kruskal�+N±Ó�§h�¤æ̧

1.3.1 ÍÙ(�×�\�ê�>N±Ó�§h�¤æ̧

• ·ú��¦o�7£§

1. F := /0;

2. "f�Ð�è(disjoint)��÷&��H V_�ÂÒì�r|9�½+Ë[þt�̀¦ëß�×¼��HX<,y��ÂÒì�r|9�½+Ë�������_���n�ëß���t��̧2�¤ô�Ç��

3. Eîß�\�e����Hs�6£§����̀¦��×�æu�_�q�?/aË>	�í�HÜ¼�Ð&ñ
§>=ô�Ç��

4. þj7áxK�²ú��̀¦%3�t�3lw���H1lxîß���6£§]X�	�\�¦>�5ÅqìøÍ4�¤���

(a) ¤n>Ça�â�
	�: ��6£§s�6£§����̀¦���&ñ
ô�Ç��. (þj�è_���×�æu�\�¦�����s�6£§����̀¦���&ñ
)

(b) �\�Ça�Å]��\�~É�: ëß�������&ñ
�)as�6£§���s�¿º>h_�"f�Ð�è�����n�\�¦e±	��H�����,���$�ÕªÂÒì�r|9�½+Ë�̀¦���_�|9�½+Ë
Ü¼�Ð½+Ë��¦,Õª��6£§\�Õªs�6£§����̀¦ F\�ÆÒ��ô�Ç��

(c) B�I±Õ�\�~É�: ëß���� �̧��H ÂÒì�r|9�½+Ës� ���_� |9�½+ËÜ¼�Ð ½+Ë�#�t����,ÕªM: T = (V,F)�� þj�èq�6 x ����©���Áºs�
��.
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1.3.2 TzÉÙ�\�ê�>N±Ó�§h�¤æ̧

• "f�Ð�è|9�½+ËÆÒ�©�X<s�����{9�(disjoint set abstract daya type):�§F�ÂÒ2�¤ C�ÃÐ�̧

index i;
set_pointer p, q;

initial(n): n ¡µ¬Ç ª ¦̧¼ª¼ ¨Á¨ÖáÝî³Éî¬Ûå ½È³¡¼כ
( ³´£ ¬́Ç ¨Á̈ÖáÝî³Éî¬¹ 1 ¬¹ª¸ n ª ¬́È¬Ç ¬Ýá¤ÎÞªÆ¡´ Íò³ÒÞ³È ³´£´ ²¼³Éí¤Ôí)

p = find(i): ¬Ýá¤ÎÞªÆ i ¡´ ²¼³Éí¤Ôá Ýî³Éî¬Ç ²¼¬Ýá±¸ p ¦Ûå £Íí¡ºÖí
merge(p,q): ¤Á ¡µ¬Ç Ýî³Éî¬Ûå ¡ ¦́È°È£Ûá p ¬½ q ¦Ûå ³Éî̈Ïò
equal(p,q): p ¬½ q ¡´ ¡Éö¬Ûá Ýî³Éî¬Ûå ¡´¦È°È§Ïá true ¦Ûå £Íí¡ºÖí

void kruskal(int n, int m, // ¬Ýî¦ÏÞ: § ¤́È¬Ç ªÁ n, ¬È¬ÛíªÍá¬Ç ªÁ m
set_of_edges E, // ¬Ýî¦ÏÞ: ¡´ÖòכÈ¦Ûå ²¼³Éí³Éá ¬È¬ÛíªÍá¬Ç Ýî³Éî
set_of_edges& F) // :Öå¦ÏÞכ MST ¦Ûå ¬È¦Á£Ûá ¬È¬ÛíªÍá¬Ç Ýî³Éî

{
index i,j;
set_pointer p,q;
edge e;

E¬¹ ªÑÞ³Éá m¡µ¬Ç ¬È¬ÛíªÍá¬Ûå ¡ ́ÖòכÈ¬Ç ¨È£µ¦Ýíכ ª́Öá¬Æ¦¼ Íò¦Ïå;
F = emptyset;
initial(n);
while (F ¬¹ ªÑÞ³Éá ¬È¬ÛíªÍá¬Ç ¡µªÁ¡´ n-1 ¨¼¤´ ÉÞ¤´) {

e = ¬ ́ÝÞ Íí¡Íí³´È ¬Éã¬Ûá ª¼¬Ç¿כ ¡ ́ÖòכÈ¦Ûå ¡ ́Ýá ¬È¬ÛíªÍá;
i, j = e ¦Ûå ¬È¦Á£Ûá ¬Ëò®ÑÞ § ¤́È¬Ç ¬Ýá¤ÎÞªÆ;
p = find(i);
q = find(j);
if (!euqal(p,q)) {

merge(p,q);
e ¦Ûå F¬¹ ;´¡Áכ

}
}

}

1.3.3 &P��7�

• l��:r1lx���:q��§ë�H

• {9�§4�ß¼l�:��n�_�Ãº nõ�s�6£§���_�Ãºm

1. s�6£§���[þt�̀¦&ñ
§>=���HX<���o���Hr�çß�: Θ(mlgm)

2. ìøÍ4�¤ë�H îß�\�"f ���o���H r�çß�: Ð�r[�ts�\�¦ m��� Ãº'��ô�Ç��. "f�Ð�è��� |9�½+Ë ��«Ñ½̈�̧(disjoint set data structure)\�¦ ��
6 x�#� ½̈�&³��¦, find, equal, merge°ú �Ér 1lx����̀¦  ñØ�¦���H S��Ãº�� �©�Ãºs����, m��� ìøÍ4�¤\� @/ô�Ç r�çß�4�¤ú̧��̧��H
Θ(mlgm)s���.

3. n>h_�"f�Ð�è���|9�½+Ë(disjoint set)̀�¦�íl��o���HX<���o���Hr�çß�: Θ(n)

• Õª���X<#�l�"fm≥ n−1s�l�M:ë�H\�,0A_� 1õ� 2��H 3�̀¦t�C��>�÷&Ù¼�Ð.

W(m,n) = Θ(mlgm)

���)a��.

• Õª�Q��,þj���_��â
Äº\���H, �̧��H��n������Ér �̧��H��n�ü<������s� |̈cÃºe��l�M:ë�H\�, m= n(n−1)
2 ∈ Θ(n2)���)a��.Õª�Q

Ù¼�Ð,þj���_��â
Äº_�r�çß�4�¤ú̧��̧��H

W(m,n) ∈Θ(n2 lgn2) = Θ(2n2 lgn) = Θ(n2 lgn)

1.3.4 i¦�\�#bÉÙ�+~É�¤� (Optimality Proof)

• Prim_�·ú��¦o�7£§_��â
Äºü<q�5pw�<Ê. (�§F� 151-152Aá¤�ÃÐ�̧)

1.4 ÆÁN±Ó�§h�¤æ̧�+j�¬̈
W(m,n) sparse graph dense graph

Prim Θ(n2) Θ(n2) Θ(n2)
Kruskal Θ(mlgm) andΘ(n2 lgn) Θ(nlgn) Θ(n2 lgn)

• �������)aÕªA�áÔ\�"f_�m�Ér n−1≤m≤ n(n−1)
2

_�#3�0A\�¦°ú���H��.
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1.5 �×Òeµ��/�×
• ·ú��¦o�7£§_�r�çß�4�¤ú̧��̧��HÕª·ú��¦o�7£§�̀¦ ½̈�&³���HX<��6 x���H��«Ñ½̈�̧\�ýaÄº÷&��H�â
Äº�̧e����.

Prim_�·ú��¦o�7£§ W(m,n) sparse graph dense graph
Heap Θ(mlgn) Θ(nlgn) Θ(n2 lgn)

Fibonacci heap Θ(m+nlgn) Θ(nlgn) Θ(n2)

V� 2â�
 í5���
��·L±Ó�\�i¦í5�¿R��×%K�V�: Dijkstra�+N±Ó�§h�¤æ̧
• ��×�æu���e����H~½Ó�¾Ó$í
ÕªA�áÔ\�"fô�Ç:£¤&ñ
��n�\�"f���Ér �̧��H��n��Ð����Hþjéß���o� ½̈���Hë�H]j.

2.1 N±Ó�§h�¤æ̧
• ·ú��¦o�7£§

1. F := /0;

2. Y := {v1};
3. þj7áxK�²ú��̀¦%3�t�3lw���H1lxîß���6£§]X�	�\�¦>�5ÅqìøÍ4�¤���

(a) ¤n>Ça�â�
	�/�\�Ça�Å]��\�~É�: V−Y\�5Åqô�Ç&ñ
&h�×�æ\�"f, v1\�"fY\�5Åqô�Ç&ñ
&h�ëß��̀¦��5g"fþjéß���o���÷&��H&ñ

&h� v\�¦���&ñ
ô�Ç��

(b) Õª&ñ
&h� v\�¦ Y\�ÆÒ��ô�Ç��

(c) v\�"f F�Ðs�#Qt���Hþjéß���o��©�_�s�6£§����̀¦ F\�ÆÒ��ô�Ç��

(d) B�I±Õ�\�~É�: Y = V��÷&���, T = (V,F)��þjéß���o�\�¦����?/��HÕªA�áÔs���.

2.2 &P��7�
• T(n) ∈Θ(n2).�n?(heap)Ü¼�Ð ½̈�&³���� Θ(mlgn)s��¦,x��Ð��~��n?Ü¼�Ð ½̈�&³���� Θ(m+nlgn)s���.

2.3 i¦�\�#bÉÙ�+~É�¤� (Optimality Proof)
• Prim_�·ú��¦o�7£§_��â
Äºü<q�5pw�<Ê.

V� 3â�
 :�#�×>�ËÁe�%K�V�
• “�̧���Òqt”_�C�z©�G�Äºl�ë�H]j(the knapsack problem)

3.1 ¿ÇÔ£�́�\�ê�>â��FD9'�×ß��ø��â �\�N�Ì�(ß���+j�¬̈
�ÃÐ6 ¤&h����]X���H~½ÓZO� 1lx&h�>�S\�ZO�

þj&h��oë�H]j\�¦ÉÒ��HX<&h�½+Ë þj&h��oë�H]j\�¦ÉÒ��HX<&h�½+Ë
·ú��¦o�7£§s��>rF�½+É�â
Äº�Ð:�x�8 ò́Ö�¦&h� M:�Ð��HÔ�¦�9¹כ��>�4�¤ú̧�
·ú��¦o�7£§s�þj&h����t�\�¦7£x"î
K����<Ê þj&h��o"é¶gË:s�&h�6 x÷&��Ht�\�¦&h����K��Ðl�ëß�����H�d
éß�{9�Ø�¦µ1Ï&h�þjéß���o�ë�H]j: Θ(n2) éß�{9�Ø�¦µ1Ï&h�þjéß���o�ë�H]j: Θ(n3)
C�z©����:£§\O�s�G�Äºl�ë�H]j��HÛ�¦t�ëß�, 0-1C�z©�G�Äºl�ë�H]j\�¦ó�r��

0-1C�z©�G�Äºl�ë�H]j��HÛ�¦t�3lw�<Ê

3.2 0-1:�#�×>�ËÁe�%K�V��+¿ÇÔ£�́�\�ê�>â��FD9'�×ß��
• ë�H]j:

S= {item1, item2, . . . , itemn}
ωi = itemi _�Áº>�
pi = itemi _���u�
W =C�z©�\�V,��̀¦Ãºe����H8úxÁº>�

���¦½+ÉM:, ∑
itemi∈A

ωi ≤W\�¦ëß�7á¤����"f ∑
itemi∈A

pi��þj@/��÷&�̧2�¤ A⊆ S��÷&��H A\�¦���&ñ
���Hë�H]js���.

• ÅÒ"3�½̈½̈d��·ú��¦o�7£§:

. n>h_�Óüt|	�\�@/K�"f �̧��HÂÒì�r|9�½+Ë�̀¦���¦�9ô�Ç��

. Õª�Q��Ô�¦'���>��̧ß¼l��� n���|9�½+Ë_�ÂÒì�r|9�½+Ë_�Ãº��H 2n>hs���.

• �ÃÐ6 ¤&h����·ú��¦o�7£§:

. ���©�q�øß�Óüt|	�ÂÒ'�Äº���&h�Ü¼�ÐG�î�r��.
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. E�$3��>��̧s�·ú��¦o�7£§�Érþj&h�s���m���!

. �=�����t��Ðl�: W = 30kg

¾¡§3lq Áº>� °úכ
item1 25kg 10ëß�"é¶
item2 10kg 9ëß�"é¶
item3 10kg 9ëß�"é¶

? �ÃÐ6 ¤&h�������ZO�: item1 ⇒ 25kg⇒ 10ëß�"é¶

? þj&h����K�²ú�: item2 + item3 ⇒ 20kg⇒ 18ëß�"é¶

• 7á§�8[jº���)a�ÃÐ6 ¤&h����·ú��¦o�7£§:

. Áº>�{©���u������©�Z�}�ÉrÓüt|	�ÂÒ'�Äº���&h�Ü¼�ÐG�î�r��.

. ÕªA��̧þj&h�s���m���!

. �=�����t��Ðl�: W = 30kg

¾¡§3lq Áº>� °úכ °úכ#Qu�
item1 5kg 50ëß�"é¶ 10ëß�"é¶/kg
item2 10kg 60ëß�"é¶ 6ëß�"é¶/kg
item3 20kg 140ëß�"é¶ 7ëß�"é¶/kg

? �ÃÐ6 ¤&h�������ZO�: item1 + item3 ⇒ 25kg⇒ 190ëß�"é¶

? þj&h����K�²ú�: item2 + item3 ⇒ 30kg⇒ 200ëß�"é¶

3.3 :�#�×è�>§�̧á�!l�>�ËÁe�%K�V�(The Fractional Knapsack Problem)
• Óüt|	�_�{9�ÂÒì�r�̀¦ ú̧���"f{���̀¦Ãºe����
• �ÃÐ6 ¤&h����]X���H~½ÓZO�Ü¼�Ðþj&h�K�\�¦ ½̈���H·ú��¦o�7£§�̀¦ëß�[þtÃºe����.

• item1 + item3 + item2× 1
2 ⇒ 30kg⇒ 220ëß�"é¶

• þj&h�s���! 7£x"î
K��Ð��. ņq]j?

3.4 0-1:�#�×>�ËÁe�%K�V��+�â �\�N�Ì�(�\�ê�>â��FD9'�×ß��
• i > 0s��¦ ω > 0{9�M:,����̂ Áº>��� ω�� �Å�t� ·ú§�̧2�¤ i���P: ��t�_� �½Ó3lq ×�æ\�"f %3�#Q��� þj�¦_� s�e��(optimal profit)̀�¦

P[i][ω]���¦����,

P[i][ω] =
{

max(P[i−1][ω], pi +P[i−1][ω−ωi ]) if ωi ≤ ω
P[i−1][ω] if ωi > ω

#�l�"f P[i−1][w]��H i���P:�½Ó3lq�̀¦�í�<Êr�v�t�·ú§��H�â
Äº_�þj�¦s�e��s��¦, pi +P[i−1][w−wi ]��H i���P:�½Ó3lq�̀¦�í�<Êr�
v���H�â
Äº_�þj�¦s�e��s���.0A_�÷&ÂÒ2£§�'a>�d��s�þj&h��o"é¶gË:�̀¦ëß�7á¤���Ht���H~1�>�·ú�Ãºe����.

• Õª�Q���#Qb�G>� P[n][W]°ú̀�כ¦ ½̈½+ÉÃºe���̀¦��?��6£§õ�°ú �Ér 2	�"é¶C�\P��̀¦ëß���HÊê,y���½Ó�̀¦>�íß��#�G�0>V,�Ü¼����)a��:
int P[0..n][0..W] .#�l�"f P[0][w] = 0, P[i][0] = 0Ü¼�ÐZ�~Ü¼���÷&Ù¼�Ð,>�íß�K���½+É�½Ó3lq_�Ãº��H nW∈Θ(nW).

• #�l�"f nõ�Wü<��H��Áº����©��'a�'a>���\O���.����"f, W = n!s����¦ô�Ç�����Ãº'��r�çß��Ér Θ(n×n!)s��)a��.ÕªXO�>�÷&���
s�·ú��¦o�7£§�Ér·ú¡\�"fE�l�ô�ÇÅÒ"3�½̈½̈d��·ú��¦o�7£§�Ð���̧���̀¦>�����̧\O���.

• Õª!3�s�·ú��¦o�7£§�̀¦þj���_��â
Äº\� Θ(2n)r�çß�\�Ãº'��|̈cÃºe���̧2�¤,7£¤ÅÒ"3�½̈½̈d��·ú��¦o�7£§�Ð��Ö¼o�t�·ú§�¦,M:�Ð
��H�s̀�����ØÔ>�Ãº'��|̈cÃºe���̧2�¤>h|¾Ó½+ÉÃºe���̀¦��?�ÃÌîß�&h��Ér P[n][W]\�¦>�íß��l�0AK�"f (n−1)���P:'���̀¦ �̧¿º>�íß�
½+É�9¹כ���\O�����HX<e����.7£¤, P[n−1][W]ü< P[n−1][W−wn]¿º�½Óëß�>�íß������)a��.s����d��Ü¼�Ð n = 1s��� w≤ 0{9�M:
��t�>�5Åq+'�Ð>�íß�K���������)a��.

• \V�Ð"f0A_�\V\�"f P[3][30]�̀¦>�íß�K��Ð��.>h|¾Ó·ú��¦o�7£§�Ér��6£§õ�°ú s� 7>h�½Óëß�>�íß����HX<q�K�"f,s����·ú��¦o�
7£§�Ér 3×30= 90�½Ó�̀¦>�íß�K���ô�Ç��.

P[3][30] = max([2][30],140+P[2][10]) = max(110,140+60) = 200
P[2][30] = max([1][30],60+P[1][20]) = max(50,60+50) = 110
P[2][10] = max([1][10],60+P[1][0]) = max(50,60+0) = 60
P[1][0] = 0
P[1][10] = 50
P[1][20] = 50
P[1][30] = 50

• Õª�Q���>h|¾Ó·ú��¦o�7£§_�þj���_��â
ÄºÃº'��r�çß��̀¦>�íß�K��Ð��. (n− i)���P:'��\�"fl�,כ	K��� 2i �½Ó�̀¦>�íß��Ù¼�Ð,8úx>�
íß����H�½ÓÃº��H 1+2+22 + · · ·+2n−1 = 2n−1s��)a��.����"f Θ(2n)���)a��.0A_�¿º��t��â
Äº\�¦½+Ë����þj���_��â
Äº
_�Ãº'��r�çß��Ér O(minimum(2n,nW))s���.

• ì�r½+É&ñ
4�¤~½ÓZO�Ü¼�Ð�̧ s�·ú��¦o�7£§�̀¦[O�>�½+ÉÃº�̧e���¦,Õªþj���_��â
ÄºÃº'��r�çß��Ér Θ(2n)s���.��f����Áº�̧ s�ë�H]j
_� þj���_� �â
Äº Ãº'��r�çß�s� t�Ãº(exponential)�Ð�� ���Ér ·ú��¦o�7£§�̀¦ µ1Ï|
��t� 3lwÙþ¡�¦,��f�� ��Áº�̧ Õª�Qô�Ç ·ú��¦o�7£§
�Ér\O������¦7£x"î
ô�Ç��|ÃÐ�̧\O���. – NPë�H]j



V� 5*�×

bCÍÙ�\�

V� 1â�
 bCÍÙ�\�(Backtracking) e��ä·
• çÃh�Uc"����l�ËÁ¤n>~É�aËc(depth-first search):ÍÒo�(root)��÷&��H��n�(node)\�¦���$�~½Óë�Hô�Ç+',Õª��n�_� �̧��HÊê�<H(descendant)[þt
�̀¦	�YV�Ð (�Ð:�x¢,aAá¤\�"f �̧�ÉrAá¤Ü¼�Ð)~½Óë�Hô�Ç�� (= preorder tree traversal).�§F� 178Aá¤_� Figure 5.1�ÃÐ�̧.

void depth_first_tree_search (node v)
{

node u;

visit v;
for (each child u of v)

depth_first_tree_search(u);
}

• 4-Queens%K�V�

. 4>h_� Queeǹ�¦"f�Ð�©�@/~½Ó�̀¦0Aa�?�t�·ú§�̧2�¤ 4×4"f�ª��©�l�(chess)óøÍ\�0Au�r�v���Hë�H]js���."f�Ð�©�@/~½Ó
�̀¦0Aa�?�t�·ú§l�0AK�"f��H°ú �Ér'��s���,°ú �Ér\P�s���,°ú �Ér@/y������©�\�0Au��t�·ú§����ô�Ç��.

. ÅÒ"3�½̈½̈d��·ú��¦o�7£§:y�� Queeǹ�¦y��y�����Ér'��\�½+É{©�ô�ÇÊê\�,#Q�"�\P�\�0Au�����K�²ú��Ér%3��̀¦Ãºe����Ht�\�¦
	�YV@/�Ð&h����K��Ð����)a��.s�M:,y�� Queen�Ér 4>h_�\P�×�æ\�"fô�Ç\P�\�0Au�½+ÉÃºe��l�M:ë�H\�,K�²ú��̀¦%3�l�0A
K�"f&h����K��Ð�������H �̧��H�â
Äº_�Ãº��H 4×4×4×4 = 256��t����)a��.

. ��0pxô�Ç �â
Äº\�¦ �̧¿º ��\P��l� 0AK�"f �§F� 179Aá¤_� ÕªaË> 5.2ü< °ú s� �©�I�/BNçß�àÔo�(state space tree)\�¦ ½̈»¡¤½+É
Ãº e����. ÍÒo�\�"f {9�(leaf)��t�_� �â
�Ð��H K�²ú�Êê�Ð(candidate solution)�� ÷&��HX<, U�·s�Äº������Ò�o�̀¦ �#� Õª K�
²ú�Êê�Ð ×�æ\�"f K�²ú��̀¦ ¹1Ô�̀¦ Ãº e����. Õª�Q�� s� ~½ÓZO��̀¦ ��6 x���� K�²ú�s� |̈c ��0px$í
s� ���)� \O���H ��n�_� Êê
�<H(descendant)[þt�̧ �̧¿º���Ò�oK����Ù¼�Ðq�ò́Ö�¦&h�s���.

. �8À1Ïo�K�²ú��̀¦¹1Ôl�0AK�"f,��0px$í
s����)�\O���HÊê�<H�̀¦��t��¦e����H��n�\�³ðr�\�¦�#����Ò�o�̀¦3lw�>�����,
�s̀����8 ò́Ö�¦&h�Ü¼�ÐK�²ú��̀¦¹1Ô�̀¦Ãºe���̀¦�.���s	כ

• bCÍÙ�\�N±Ó�§h�¤æ̧(backtracking algorithm)

. ��n�_�Ä»}©�$í
:���)�K�²ú�s����̀¦��0px$í
s�\O���H��n���HÄ»}©��t�·ú§��(non-promising)�¦��¦,ÕªXO�t�·ú§Ü¼���
Ä»}©����(promising)�¦ô�Ç��.

. ����"f÷&ÆÒ&h�s�êøÍ#Q�"���n�_�Ä»}©�$í
�̀¦&h����ô�ÇÊê,Ä»}©��t�·ú§���¦óøÍ&ñ
s�÷&���Õª��n�_�ÂÒ�̧(parent)��
n��Ð[�t����"f(“backtrack”)��6£§Êê�<H\�@/ô�Ç���Ò�o�̀¦>�5Åq�>�÷&��H]X�	�s���.

. ���²DG÷&ÆÒ&h�·ú��¦o�7£§�Ér0A\�"f���/åLô�Ç�©�I�/BNçß�àÔo�\�"fU�·s�Äº������Ò�o�̀¦z�́r����HX<,Ä»}©��t�·ú§�Ér��n�[þt
�Ér��t�5g"f(pruning)���Ò�o�̀¦�t�·ú§Ü¼ 9,Ä»}©�ô�Ç��n�\�@/K�"fëß�Õª��n�_���d����n�(children)\�¦���Ò�oô�Ç��.
s�·ú��¦o�7£§�Ér��6£§õ�°ú �Ér]X�	��Ð���'���)a��.

1. �©�I�/BNçß�àÔo�_�U�·s�Äº������Ò�o�̀¦z�́r�ô�Ç��.
2. y����n���Ä»}©�ô�Çt�\�¦&h����ô�Ç��.
3. ëß�{9�Õª��n���Ä»}©��t�·ú§Ü¼���,Õª��n�_�ÂÒ�̧��n��Ð[�t����"f���Ò�o�̀¦>�5Åqô�Ç��.

. ��
ð5�bCÍÙ�\�N±Ó�§h�¤æ̧:

void checknode (node v)
{

if (promising(v))
if (there is a solution at v)

write the solution;
else

for (each child u of v)
checknode(u);

}
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• 4-Queens%K�V� (N�¢4́)

. ÷&ÆÒ&h�·ú��¦o�7£§�̀¦��6 x�#���t��2;�©�I�/BNçß�àÔo�\�¦ ½̈»¡¤�����§F� 182Aá¤_� Figure 5.4°ú s��)a��.

. #�l�"fí�HÃºô�ÇU�·s�Äº������Ò�oÜ¼�ÐK�²ú��̀¦%3�l�0AK�"f��H 155>h_���n�\�¦���Ò�oK������HX<q�K�"f,÷&ÆÒ&h��̀¦&h�
6 x���� 27>h_���n�ëß����Ò�o�����)a��.

• 5�%�×ÛÖSbCÍÙ�\�N±Ó�§h�¤æ̧:

void expand (node v)
{

for (each child u of v)
if (promising(u))

if (there is a solution at u)
write the solution;

else
expand(u);

}

s�>h|¾Ó�)a·ú��¦o�7£§�ÉrÄ»}©�$í
#�ÂÒ_�&h�����̀¦��n�\�¦~½Óë�H�l����\�z�́r��Ù¼�Ð,Õªëß��pu~½Óë�H½+É��n�_�Ãº��&h�#Q4R
"f�8 ò́Ö�¦&h�s���.Õª�Q��{9�ìøÍ·ú��¦o�7£§s�s�K��l���H�8~1��¦,{9�ìøÍ·ú��¦o�7£§�̀¦>h|¾Ó�)a·ú��¦o�7£§Ü¼�Ð���8̈��l���H
çß�éß��Ù¼�Ð,·ú¡Ü¼�Ðs�y©�_�\�"f_� �̧��H÷&ÆÒ&h�·ú��¦o�7£§�Ér{9�ìøÍ·ú��¦o�7£§õ�°ú �Ér+þAI��Ð³ðr�ô�Ç��.

V� 2â�
 n-Queens%K�V�
• n>h_�Queeǹ�¦"f�Ð�©�@/~½Ó�̀¦0Aa�?�t�·ú§�̧2�¤ n×n"f�ª��©�l�(chess)óøÍ\�0Au�r�v���Hë�H]js���."f�Ð�©�@/~½Ó�̀¦0Aa�?
�t�·ú§l�0AK�"f��H°ú �Ér'��s���,°ú �Ér\P�s���,°ú �Ér@/y������©�\�0Au��t�·ú§����ô�Ç��.

• n-Queens%K�V��+bCÍÙ�\�N±Ó�§h�¤æ̧: 4-Queensë�H]j\�¦ n-Queensë�H]j�ÐSX��©�r�v�����)a��.

• &P��7� 1: �©�I�/BNçß�àÔo�����̂\�e����H��n�_�Ãº\�¦ ½̈�<ÊÜ¼�Ð"f,��t��2;�©�I�/BNçß�àÔo�_���n�_�Ì�	Ãº_��©�ô�Ç�̀¦ ½̈ô�Ç��.
U�·s��� i�����n�_�Ì�	Ãº��H ni>hs��¦s�àÔo�_�U�·s���H ns�Ù¼�Ð,��n�_�8úxÌ�	Ãº_��©�ô�Ç°úכ(upper bound)�Ér:

1+n+n2 +n3 + · · ·+nn =
nn+1−1

n−1

����"f n = 8{9�M:, 89−1
8−1 = 19,173,961.Õª�Q��s�ì�r$3��ÉrZ>���u���\O���.�=������÷&ÆÒ&h��<ÊÜ¼�Ð"f&h�������H �̧×¼Ãº

\�¦\O�����×�¦%i���Ht��©�ô�Ç°ú̀�כ¦ ½̈K�"f��H���)�·ú�Ãº\O�l�M:ë�Hs���.

• &P��7� 2: Ä»}©�ô�Ç��n�ëß�[j#Q"f�©�ô�Ç°ú̀�כ¦ ½̈ô�Ç��.s�°ú̀�כ¦ ½̈�l�0AK�"f��H#Q�"�¿º>h_� Queens�°ú �Ér\P��©�\�0Au�½+É
Ãº\O�����H��z�́�̀¦s�6 x�����)a��.\V\�¦[þt#Q n = 8{9��â
Äº\�¦Òqty��K��Ð��.'Í	���P: Queen�Ér#Q�"�\P�\��̧0Au�r�~�́Ãºe��
�¦,¿º���P:��Hl�,כ	K���z���Ér 7\P�×�æ\�"fëß�0Au�r�~�́Ãºe���¦,[j���P:��Hz���Ér 6\P�×�æ\�"f0Au�r�~�́Ãºe����.s����d��Ü¼
�Ð>�5ÅqÙþ¡�̀¦�â
Äº��n�_�Ãº��H 1+8+8×7+8×7×6+ · · ·+8! = 109,601���)a��.s����õ�\�¦{9�ìøÍ�o����Ä»}©�ô�Ç��
n�_�Ãº��H

1+n+n(n−1)+n(n−1)(n−2)+ · · ·+n!

�̀¦�Å�t�·ú§��H��.

• 0A 2��t�ì�r$3�~½ÓZO��Ér·ú��¦o�7£§_�4�¤ú̧��̧\�¦&ñ
SX�y�E�l�K�ÅÒt�3lw��¦e����.�=������:

. @/y������̀¦&h�������H�â
Äº\�¦�¦�9�t�·ú§��¤��.����"fz�́]jÄ»}©�ô�Ç��n�_�Ãº��H�s̀����8����̀¦Ãºe����.

. Ä»}©��t�·ú§�Ér��n�\�¦�í�<Ê��¦e����HX<,z�́]j�ÐK�$3�_����õ�\��í�<Ê�)a��n�×�æ\�"fÄ»}©��t�·ú§�Ér��n����s̀���
�8 ú́§�̀¦Ãºe����.

• &P��7� 3: Ä»}©�ô�Ç��n�_�Ì�	Ãº\�¦&ñ
SX��>� ½̈�l�0Aô�ÇÄ»{9�ô�Ç~½ÓZO��Érz�́]j�Ð·ú��¦o�7£§�̀¦Ãº'���#� ½̈»¡¤�)a�©�I�/BNçß�àÔ
o�_���n�_�Ì�	Ãº\�¦[j#Q�Ð��HÃºµ1Ú\�\O���.Õª�Q��s�~½ÓZO��Ér���&ñ
ô�ÇK�$3�~½ÓZO�s� |̈cÃº\O���.�=������K�$3��Ér·ú��¦
o�7£§�̀¦ z�́]j�Ð Ãº'���t� ·ú§�¦ s�ÀÒ#Q4R�� �l� M:ë�Hs���. 188Aá¤_� ³ð 5.1̀�¦ �Ð�¦ y�� ·ú��¦o�7£§_� Ãº'��r�çß��̀¦ q��§K�
�Ðr��̧.

• ��$�×Å]�ÑÏ�ÐM�&P��7�:#Q�"�:£¤&ñ
{9�§4�s�ÅÒ#Q&���̀¦M:, Monte Carlol�ZO�(SX�Ò�¦&h�·ú��¦o�7£§)�̀¦s�6 x�#�÷&ÆÒ&h�·ú��¦o�7£§_�
Ãº'��r�çß��̀¦ÆÒ&ñ
½+ÉÃºe����.

V� 3â�
 Monte Carloe�ß��£�·��£� ø5� 9̀cçÃ9̂c�b�N±Ó�§h�¤æ̧�+ÊÁ�ßjk�ë5Ñ
ÍÙÇa�

• Monte Carlol�ZO��Ér #Q�"� {9�§4�s� ÅÒ#Q&���̀¦ M: &h�����>� ÷&��H �©�I�/BNçß�àÔo�_� “���+þA&h����” �â
�Ð\�¦ Áº���0A(random)�Ð
Òqt$í
�#�Õª�â
�Ð�©�\�e����H��n�_�Ãº\�¦G'p��.s�õ�&ñ
�̀¦#��Q���ìøÍ4�¤�#����̧��H���õ�_� î̈
ç�Hu�\�¦ÆÒ&ñ
u��Ðô�Ç��.

• s�l�ZO��̀¦&h�6 x�l�0AK�"f��H��6£§¿º �̧|	��̀¦ìøÍ×¼r�ëß�7á¤�#���ô�Ç��.

. �©�I�/BNçß�àÔo�_�°ú �ÉrÃºï�r(level)\�e����H �̧��H��n�_�Ä»}©�$í
#�ÂÒ\�¦&h�������H]X�	���H°ú ����ô�Ç��.

. �©�I�/BNçß�àÔo�_�°ú �ÉrÃºï�r\�e����H �̧��H��n���HìøÍ×¼r�°ú �ÉrÃº_���d����n�\�¦��t��¦e��#Q��ô�Ç��.

n-Queensë�H]j��Hs�¿º�̧|	��̀¦ëß�7á¤ô�Ç��.
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• Monte Carlo e�ß���+â�
	�:

1. ÍÒo�_�Ä»}©�ô�Ç��d����n�_�Ì�	Ãº\�¦m0s����¦ô�Ç��.

2. �©�I�/BNçß�àÔo�_�Ãºï�r 1\�"fÄ»}©�ô�Ç��n�\�¦����½� ü��>�&ñ
��¦,s���n�_�Ä»}©�ô�Ç��d����n�_�Ì�	Ãº\�¦ m1s�
���¦ô�Ç��.

3. 0A\�"f&ñ
ô�Ç��n�_�Ä»}©�ô�Ç��n�\�¦����½� ü��>�&ñ
��¦,s���n�_�Ä»}©�ô�Ç��d����n�_�Ì�	Ãº\�¦ m2���¦ô�Ç��.

4. · · ·
5. �8s��©�Ä»}©�ô�Ç��d����n���\O��̀¦M:��t�s�õ�&ñ
�̀¦ìøÍ4�¤ô�Ç��.

#�l�"f mi��HÃºï�r i\�e����H��n�_�Ä»}©�ô�Ç��d����n�_�Ì�	Ãº_� î̈
ç�H_�ÆÒ&ñ
u�s���.Ãºï�r i\�e����Hô�Ç��n�_���d����n�
_�8úxÌ�	Ãº\�¦ ti���¦���� (Ä»}©��t�·ú§�Ér��n��̧�í�<Ê),Ñþ�àÔÏþ�(ç
·ú��¦o�7£§\�_�K�"f&h����ô�Ç��n�_�8úxÌ�	Ãº_�ÆÒ&ñ
u�
��H

1+ t0 +m0t1 +m0m1t2 + · · ·+m0m1 · · ·mi−1ti + · · ·
���)a��.

V� 4â�
 Ü«8�è«aËc��
�e�
• m��¿Ucm��m�aËcãÃ�×aËc��
�ÐM�%K�V�(Graph Coloring): m>h_�Ò�o�̀¦��t��¦,���]X�ô�Çt�%i�s�°ú �ÉrÒ�os�÷&t�·ú§�̧2�¤t�
�̧\�Ò�o}9����Hë�H]j

• î̈
���ÕªA�áÔ(planar graph)êøÍ?: î̈
��� �©�\�"f s�6£§���(edge)[þts� "f�Ð %Á	°ú�o�t� ·ú§>� Õªwn= Ãº e����H ÕªA�áÔ.\V�Ð"f �§F�
201Aá¤_� Figure 5.11̀�¦�Ðr��̧.

• t��̧\�"fy��t�%i��̀¦ÕªA�áÔ_�&ñ
&h�Ü¼�Ð��¦,ô�Çt�%i�s�#Q�"����Ért�%i�õ����]X�K�e��Ü¼���Õªt�%i�[þt�̀¦����?/��H&ñ
&h�
[þt��s�\�s�6£§����̀¦ÕªÜ¼���, �̧��Ht��̧��HÕª\��©�6£x���H î̈
���ÕªA�áÔ�Ð³ðr�½+ÉÃºe����.����"fs�ë�H]j��H î̈
���ÕªA�áÔ
\�¦��6 x�#�ó�r��.

• �×e�:

v1 v2
v3

v4

s�t��̧��H�§F� 200Aá¤_� Figure 5.10_�ÕªA�áÔ�Ð����èqÃºe����.s�ÕªA�áÔ\�"f¿º��t�Ò�oÜ¼�Ðë�H]j\�¦Û�¦l���HÔ�¦��0px
���.[j��t�Ò�o�̀¦��6 x����8úx 6��t�_�K�²ú��̀¦%3��̀¦Ãºe����.

• s�ë�H]j��H÷&ÆÒ&h�·ú��¦o�7£§�̀¦��6 x�#� ò́õ�&h�Ü¼�ÐÛ�¦Ãºe����.0A_��Ðl�\�@/ô�Ç��t��2;�©�I�/BNçß�àÔo�\�¦Õª�9"fK�
²ú��̀¦ ½̈K��Ðr��̧.

• &P��7�: �©�I�/BNçß�àÔo��©�_���n�_�8úxÃº��H

1+m+m2 + · · ·+mm =
mm+1−1

m−1

���)a��.#�l�"f�̧Monte Carlol�ZO��̀¦��6 x�#�Ãº'��r�çß��̀¦ÆÒ&ñ
½+ÉÃºe����.

V� 5â�
 B���
�×f�ò5Ñm¬�×%K�V�
• �������)aq�~½Ó�¾Ó$í
ÕªA�áÔ\�"f,K�x9��Ðm�îß��r�Ð(Hamiltonian Circuits)/#�'���â
�Ð(tour)��H#Q�"�ô�Ç��n�\�"fØ�¦µ1Ï�#�Õª
A�áÔ�©�_�y����n�\�¦ô�Ç���m��ëß��â
Ä»�#���r�Ø�¦µ1Ïô�Ç��n��Ð[�t���̧��H�â
�Ðs���.\V�Ð"f,�§F� 205Aá¤_�ÕªaË> 5.13̀�¦
�Ðr��̧.

• B���
�×f�ò5Ñm¬�×%K�V�: �������)aq�~½Ó�¾Ó$í
ÕªA�áÔ\�"fK�x9��Ðm�îß��r�Ð\�¦���&ñ
���Hë�H]j

• ÷&ÆÒ&h�~½ÓZO��̀¦&h�6 x�l�0AK�"f��6£§���½Ó�̀¦�¦�9K���ô�Ç��.

. �â
�Ð�©�_� i���P:��n���HÕª�â
�Ð�©�_� (i−1)���P:��n�ü<ìøÍ×¼r�s�Ö�©K���ô�Ç��.

. (n−1)���P:��n���HìøÍ×¼r� 0���P:��n�(Ø�¦µ1Ï&h�)ü<s�Ö�©K���ô�Ç��.

. i���P:��n���H%�6£§ i−1>h_���n��� |̈cÃº\O���.

• �©�I�/BNçß�àÔo��©�_���n�_�Ãº��H

1+(n−1)+(n−1)2 + · · ·+(n−1)(n−1) =
(n−1)n−1

n−2
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V� 6*�×

&P�e�ø5�Ça�ß��

V� 1â�
 &P�e�ø5�Ça�ß��(Branch-and-Bound)
• :£¤fç
:

. ÷&ÆÒ&h�l�ZO�õ�°ú s��©�I�/BNçß�àÔo�\�¦ ½̈»¡¤�#�ë�H]j\�¦K����ô�Ç��.

. þj&h�_�K�\�¦ ½̈���Hë�H]j(optimization problem)\�&h�6 x½+ÉÃºe����.

. þj&h�_�K�\�¦ ½̈�l�0AK�"f��H#Q��x� �̧��HK�\�¦���¦�9K��Ð�����Ù¼�ÐàÔo�_���n�\�¦í�H�r(traverse)���H~½Ó
ZO�\� ½̈E�~ÃÎt�·ú§��H��.

• ì�rl�ô�Ç&ñ
·ú��¦o�7£§�Éry����n�\�¦���Ò�o½+ÉM:����,Õª��n���Ä»}©�ô�Çt�_�#�ÂÒ\�¦���&ñ
�l�0AK�"fô�Ç>�u�(bound)\�¦>�
íß�ô�Ç��.Õªô�Ç>�u���HÕª��n��ÐÂÒ'���t�\�¦.á<#Q����"f(branch)%3��̀¦Ãºe����HK�²ú�u�_�ô�Ç>�\�¦�����·p��.����"fëß�
���Õªô�Ç>�u���t��FK��t�¹1Ô�Érþj&h�_�K�²ú�u��Ð��a%~t�·ú§�Ér�â
Äº��H�8s��©���t�\�¦.á<#Q"f���Ò�o�̀¦>�5Åq½+É�9¹כ���\O�
Ü¼Ù¼�Ð,Õª��n���HÄ»}©��t�·ú§���¦½+ÉÃºe����.

V� 2â�
 0-1:�#�×>�ËÁe�%K�V�(0-1 Knapsack Problem)

2.1 &P�e�ø5�Ça�ÐÏ���m�n�e��×���l�ËÁ¤n>~É�aËc
(=bCÍÙ�\�)

• �©�I�/BNçß�àÔo�\�¦ ½̈»¡¤�#� ÷&ÆÒ&h� l�ZO�Ü¼�Ð ë�H]j\�¦ ó�r��: ÍÒo�\�"f ¢,aAá¤Ü¼�Ð ����� 'Í	���P: ��s�%7��̀¦ C�z©�\� V,���H �â

Äºs��¦, �̧�ÉrAá¤Ü¼�Ð�����'Í	���P:��s�%7��̀¦C�z©�\�V,�t�·ú§��H�â
Äºs���.1lx{9�ô�Ç~½ÓZO�Ü¼�ÐàÔo�_�Ãºï�r 1\�"f¢,aAá¤Ü¼�Ð
�����¿º���P:��s�%7��̀¦C�z©�\�V,���H�â
Äºs��¦, �̧�ÉrAá¤Ü¼�Ð�����ÕªXO�t�·ú§��H�â
Äºs���.s����d��Ü¼�Ð>�5Åq�#��©�I�/BN
çß�àÔo�\�¦ ½̈»¡¤����,ÍÒo��ÐÂÒ'�{9���t�_� �̧��H�â
�Ð��HK�²ú�Êê�Ð���)a��.

• s�ë�H]j��Hþj&h�_�K�\�¦¹1Ô��Hë�H]j(optimization problem)s�Ù¼�Ð���Ò�os�¢-a���y�=åQ��l����\���HK�²ú��̀¦·ú�Ãº��\O���.��
��"f���Ò�o�̀¦���Hõ�&ñ
1lxîß��½Ó�©�ÕªM:��t�¹1Ô�Érþj&h�_�K�\�¦l�%3�K�¿º#Q��ô�Ç��.

• i¦�\��ª%K�V���·��·e��Dø5���
ð5��\�ê�>bCÍÙ�\�N±Ó�§h�¤æ̧:

void checknode(node v)
{

if (value(v) is better than best)
best = value(v);

if (promising(v))
for (each child u of v)

checknode(u);
}

. best : t��FK��t�¹1Ô�Ér]j{9�a%~�ÉrK�²ú�u�.

. value(v) : v ��n�\�"f_�K�²ú�u�.

• N±Ó�§h�¤æ̧�+â«31in�:

. Let:

? profit : Õª��n�\� �̧l���t�V,�%3�~����s�%7�_�°úכ#Qu�_�½+Ë.

? weight: Õª��n�\� �̧l���t�V,�%3�~����s�%7�_�Áº>�_�½+Ë.
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? bound: ��n���Ãºï�r i\�e�����¦��¦,Ãºï�r k\�e����H��n�\�"f8úxÁº>���W\�¦�Å���H���¦���.Õª�Q���

totweight= weight+
k−1

∑
j=i+1

w j

bound=

(

pro f it +
k−1

∑
j=i+1

p j

)

+(W− totweight)× pk

wk

? maxprofit: t��FK��t�¹1Ô�Érþj���_�K�²ú�s�ÅÒ��H°úכ#Qu�

. wiü< pi\�¦y��y�� i���P:��s�%7�_�Áº>�ü<°úכ#Qu����¦����, pi/wi_�°úכs�	�H�
�í�HÜ¼�Ð��s�%7��̀¦&ñ	ÂÒ'�?/aË>	כ§>=
ô�Ç��. ({9�7áx_��ÃÐ6 ¤&h����~½ÓZO�s�÷&��H!lrs�t�ëß�,·ú��¦o�7£§���̂��H�ÃÐ6 ¤&h����·ú��¦o�7£§�Ér��m���.)

. maxprofit:= $0;profit := $0;weight:= 0

. U�·s�Äº���í�H0A�Ðy����n�\�¦~½Óë�H�#���6£§�̀¦Ãº'��ô�Ç��:

1. Õª��n�_� profitü< weight\�¦>�íß�ô�Ç��.

2. Õª��n�_� bound\�¦>�íß�ô�Ç��.

3. weight< W andbound> maxprofits����,���Ò�o�̀¦>�5Åqô�Ç��;
ÕªXO�t�·ú§Ü¼���,÷&ÆÒ&h�.

. �¦¹1Ï: þj���s����¦#����~����n�\�¦ ���×þ�Ùþ¡���¦K�"fz�́]j�ÐÕª��n��ÐÂÒ'�þj&h�K����½Ó�©����:r����H�Ð�©��Ér\O�
��.

• �Ðl�: n = 4, W = 16s��¦,
i pi wi pi/wi

1 $40 2 $20
2 $30 5 $6
3 $50 10 $5
4 $10 5 $2

{9�M:,÷&ÆÒ&h��̀¦��6 x�#� ½̈»¡¤÷&��H��t��2;�©�I�/BNçß�àÔo�\�¦Õª�9�Ðr��̧. (�§F�_� 210Aá¤�ÃÐ�̧)

• &P��7�: s�·ú��¦o�7£§s�&h�������H��n�_�Ãº��H Θ(2n)s���.

0A�Ðl�_��â
Äº_�ì�r$3�:&h����ô�Ç��n���H 13>hs���.s�·ú��¦o�7£§s�1lx&h�>�S\�ZO�Ü¼�Ð[O�>�ô�Ç·ú��¦o�7£§�Ð��a%~�Ér��?SX�
z�́�>�@/²ú��l�Ô�¦��0px���. Horowitzü< Sahni(1978)��H Monte Carlol�ZO��̀¦��6 x�#�÷&ÆÒ&h�·ú��¦o�7£§s�1lx&h�>�S\�
ZO�·ú��¦o�7£§�Ð��{9�ìøÍ&h�Ü¼�Ð�8��ØÔ����H�9�7£x}¦̀�	כ�%i���. Horowitzü< Sahni(1974)��ì�r½+É&ñ
4�¤õ�1lx&h�>�S\�ZO��̀¦&h�
]X�y� �̧�o�#�>hµ1Ïô�Ç·ú��¦o�7£§�ÉrO(2n/2)_�r�çß�4�¤ú̧��̧\�¦��t���HX<,s�·ú��¦o�7£§�Ér{9�ìøÍ&h�Ü¼�Ð÷&ÆÒ&h�·ú��¦o�7£§�Ð
��{9�ìøÍ&h�Ü¼�Ð��ØÔ���¦ô�Ç��.

2.2 &P�e�ø5�Ça�ÐÏ���m�n�e��×�/j�ËÁ¤n>~É�aËc
• �-q�Äº������Ò�o(Breadth-first Search)í�H"f: (1)ÍÒo�\�¦���$����Ò�oô�Ç��, (2)��6£§\�Ãºï�r 1\�e����H �̧��H��n�\�¦���Ò�oô�Ç�� (¢,a
Aá¤\�"f �̧�ÉrAá¤Ü¼�Ð), (3)��6£§\�Ãºï�r 2\�e����H �̧��H��n�\�¦���Ò�oô�Ç�� (¢,aAá¤\�"f �̧�ÉrAá¤Ü¼�Ð), (4)1px1px

• {9�ìøÍ&h�����-q�Äº������Ò�o·ú��¦o�7£§:

÷&ÂÒ2£§(recursive)·ú��¦o�7£§�̀¦���$í
�l���H�©�{©�y�4�¤ú̧����.����"fÇ©(queue)\�¦��6 xô�Ç��.

void breadth_first_tree_search(tree T)
{

queue_of_node Q;
node u,v;

initialize(Q);
v = root of T;
visit v;
enqueue(Q,v);
while (!empty(Q)) {

dequeue(Q,v);
for (each child u of v) {

visit u;
enqueue(Q,u);

}
}

}

• ì�rl�ô�Ç&ñ
d����t�u�l��Ð�-q�Äº������Ò�o·ú��¦o�7£§:

void breadth_first_branch_and_bound(state_space_tree T,
number& best)

{
queue_of_the_node Q;
node u,v;
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initialize(Q);
v = root of T;
enqueue(Q,v);
best = value(v);
while (!empty(Q)) {

dequeue(Q,v);
for (each child u of v) {

if (value(u) is better than best)
best = value(u);

if (bound(u) is better than best)
enqueue(Q,u);

}
}

}

• �Ðl�:·ú¡\�"fü<°ú �Ér\V\�¦��6 x�#�ì�rl�ô�Ç&ñ
��t�u�l��Ð�-q�Äº������Ò�o�̀¦�#���t��2;�©�I�/BNçß�àÔo�\�¦Õª�9�Ð���,�§
F� 226Aá¤_�ÕªaË>õ�°ú s��)a��.s�M:���Ò�o���H��n�_�Ì�	Ãº��H 17s���.÷&ÆÒ&h�·ú��¦o�7£§�Ð��a%~t�·ú§��!

2.3 &P�e�ø5�Ça�ÐÏ���m�n�e��×i¦�§ËÁ¤n>~É�aËc(Best-First Search)
• þj�¦Äº������Ò�o(Best-First Search)�Ér�-q�Äº������Ò�o\�q�K�"fa%~��f��

• þj&h�_�K�²ú�\��8À1Ïo� �̧²ú��l�0Aô�Ç���|ÄÌ:

1. ÅÒ#Q�����n�_� �̧��H��d����n�\�¦���Ò�oô�ÇÊê,

2. Ä»}©�����"fSX��©�÷&t�·ú§�Ér(unexpanded)��n�\�¦¶ú�(R�Ð�¦,

3. Õª×�æ\�"f���©�a%~�Ér(þj�¦_�)ô�Ç>�u�(bound)\�¦�������n�\�¦SX��©�ô�Ç��.

• ì�rl�ô�Ç&ñ
d����t�u�l��Ðþj�¦Äº������Ò�o·ú��¦o�7£§:

þj�¦_�ô�Ç>�u�\�¦�������n�\�¦Äº���&h�Ü¼�Ð���×þ��l�0AK�"fÄº���í�H0A��e����HÇ©(priority queue)\�¦��6 xô�Ç��.Äº���í�H0A
��e����HÇ©��H�n?(heap)̀�¦��6 x�#� ò́Ö�¦&h�Ü¼�Ð ½̈�&³½+ÉÃºe����.

void best_first_branch_and_bound(state_space_tree T,
number best)

{
priority_queue_of_node PQ;
node u,v;

initialize(Q);
v = root of T;
best = value(v);
insert(PQ,v);
while (!empty(PQ)) {

remove(PQ,v);
if (bound(v) is better than best)

for (each child u of v) {
if (value(u) is better than best)

best = value(u);
if (bound(u) is better than best)

insert(PQ,u);
}

}
}

• �Ðl�:·ú¡\�"fü<°ú �Ér\V\�¦��6 x�#�ì�rl�ô�Ç&ñ
��t�u�l��Ðþj�¦Äº������Ò�o�̀¦�#���t��2;�©�I�/BNçß�àÔo��̀¦Õª�9�Ð���,�§
F� 231Aá¤_�ÕªaË>õ�°ú s��)a��.s�M:���Ò�o���H��n�_�Ì�	Ãº��H 11s���.

V� 3â�
 gC÷5�xjS%K�V�(Traveling Salesperson Problem)
• �§F�_� 123-130Aá¤_� Chapter 3.6\�¦�Ðr��̧.

• ü@óøÍ"é¶_�|9�s�0Au���¦e����H �̧r�\�"fØ�¦µ1Ï�#����Ér �̧r�[þt�̀¦y��y��ô�Ç���m��ëß�~½Óë�H��¦,��r�|9�Ü¼�Ð[�t���̧��H��
�©�Âúª�Ér#�'���â
�Ð(tour)\�¦���&ñ
���Hë�H]j.

• s� ë�H]j��H 6£§s� ����� ��×�æu��� e����H, ~½Ó�¾Ó$í
 ÕªA�áÔ�Ð ����èq Ãº e����. ÕªA�áÔ �©�\�"f #�'���â
�Ð(tour, Hamiltonian
circuits)��Hô�Ç��n�\�¦Ø�¦µ1Ï�#����Ér �̧��H��n�\�¦ô�Ç���m��ëß���5g"f��r�Õª��n��Ð[�t���̧��H�â
�Ðs���.#��Q>h_�#�
'���â
�Ð×�æ\�"fU�́s���þj�è��÷&��H�â
�Ð��þj&h�#�'���â
�Ð(optimal tour)���)a��.

• �Ðl�:�§F� 124Aá¤_� Figure 3.16̀�¦�Ðr��̧.���©�þj&h�s�÷&��H#�'��U�́�Ér?

• Áº���&ñ
·ú��¦o�7£§:��0pxô�Ç �̧��HU�́�̀¦���¦�9ô�ÇÊê,Õª×�æ\�"f���©�Âúª�Ér#�'���â
�Ð�̀¦���×þ�ô�Ç��.��0pxô�Ç#�'��U�́_�8úxÌ�	
Ãº��H (n−1)!s���.
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3.1 �â �\�N�Ì�(ß��£�·l�£� ø5�â��FD9'�×ß��
• V��H �̧��H��n�_�|9�½+Ës��¦, A��HV_�ÂÒì�r|9�½+Ës����¦���.Õªo��¦ D[vi ][A]��H A\�5Åqô�Çy����n�\�¦&ñ
SX�y�ô�Ç���m��ëß���
5g"f vi\�"f v1�Ð����Hþjéß��â
�Ð_�U�́s����¦���.Õª�Q���0A_��Ðl�\�"f D[v2][{v3,v4}]_�°úכ�Ér? (= 20)

• þj&h�#�'���â
�Ð_�U�́s�:
D[v1][V−{v1}] = min

2≤ j≤n
(W[1][ j]+D[v j ][V−{v1,v j}])

{9�ìøÍ&h�Ü¼�Ð³ðr����� i 6= 1s��¦, vi�� A\�5Åq�t�·ú§�̀¦M:,��6£§õ�°ú s��)a��.

D[vi ][A] = min
v j∈A

(W[i][ j]+D[v j ][A−{v j}]) if A 6= /0

D[vi ][ /0] = W[i][1]

• ���_þvÜ¼�Ð0A_��Ðl�_�ÕªA�áÔ\�"fþj&h�#�'���â
�Ð\�¦¹1Ô���Ðr��̧.7£¤, D[v1][{v2,v3,v4}]\�¦>�íß�K��Ðr��̧.

• N±Ó�§h�¤æ̧

. ë�H]j:��×�æu���e����H~½Ó�¾Ó$í
ÕªA�áÔ\�"fþj&h�#�'���â
�Ð\�¦���&ñ
�r��̧.#�l�"f��×�æu���H6£§Ãº�����&ñ
Ãºs���.

. {9�§4�:��×�æu���e����H~½Ó�¾Ó$í
ÕªA�áÔü<ÕªÕªA�áÔ\�e����H��n�_�Ì�	Ãº n. ÕªA�áÔ��H'��§>=W�Ð³ðr���÷&��HX<,#�
l�"fW[i][ j]��H vi\�"f v j\�¦e±	��Hs�6£§����©�\�e����H��×�æu�\�¦�����·p��. V��HÕªA�áÔ�©�_� �̧��H��n�_�|9�½+Ë�̀¦��
���·p��.

. Ø�¦§4�:þj&h�#�'���â
�Ð_�U�́s�\�¦����?/��H°ú̀�כ¦��t���H���Ãºminlengthü<C�\P� P (s�C�\P��ÐÂÒ'�þj&h�#�'���â
�Ð�̀¦
½̈»¡¤½+ÉÃºe����). P[i][A]��H A\�5Åqô�Çy����n�\�¦&ñ
SX�y�ô�Ç���m��ëß���5g"f vi\�"f v1�Ð����Hþjéß��â
�Ð�©�\�"f, vi ��
6£§_� �̧²ú����H'Í	���P:��n�_������oÛ¼s���.

void travel(int n,
const number W[][],
index P[][],
number& minlength)

{
index i,j,k;
number D[1..n][subset of V-{v_1}];

for (i = 2; i<= n; i++)
D[i][emptyset] := W[i][1];

for (k = 1; k <= n-2; k++)
for (V-{v_1} ¬Ç ¨Á¨ÖáÝî³Éî Öò¬¹ª¸ k ¡µ¬Ç § ¤́È¦Ûå ¡ ́Ýá §¼¤Ûá ¨Á̈ÖáÝî³Éî A)

for (i = 1 ¬È ¬ £́È¡¼ v_i ¡´ A¬¹ ªÑÞ³ ́È ¬Éã£Ûá §¼¤Ûá i) {
D[i][A] = minimum_{v_j in A} (W[i][j] + D[v_j][A-{v_j}]);
P[i][A] = value of j that gave the minimum;

}
D[1][V-{v_1}] = minimum_{2<=j<=n} (W[1][j] + D[v_j][V-{v_1}]);
P[1][V-{v_1}] = value of j that gave the minimum;
minlength = D[1][V-{v_1}];

}

• Ça�h�: n≥ 1\�¦ëß�7á¤���H �̧��H n\�@/K�"f,
n

∑
k=1

k

[

n
k

]

= n2n−1

7£x"î
:
[

n
k

]

=
n!

k!(n−k)!
=

n
k

(n−1)!
(k−1)!(n−k)!

=
n
k

(n−1)!
(k−1)!(n−1− (k−1))!

=
n
k

[

n−1
k−1

]

k

[

n
k

]

= k
n
k

[

n−1
k−1

]

= n

[

n−1
k−1

]

n

∑
k=1

k

[

n
k

]

=
n

∑
k=1

n

[

n−1
k−1

]

= n
n−1

∑
k=0

[

n−1
k

]

1k1n−1−k = n(1+1)n−1 = n2n−1

• &P��7�:

. éß�0A���íß�:×�æçß�\�0Au�ô�ÇÀÒáÔ��Ãº'��r�çß��̀¦t�C�ô�Ç��.�=������s�ÀÒáÔ��H#��Q���Ü¼�ÐÁú¢#�e��l�M:ë�Hs���.
����"f,l��:r1lx����Ér v j_�y��°úכ\�@/K�"fÃº'��÷&��H"î
§î
ë�Hs��� ( »	!lr���H"î
§î
ë�H�í�<Ê).

. {9�§4�_�ß¼l�:ÕªA�áÔ\�"f&ñ
&h�_�Ì�	Ãº n

. r�çß�4�¤ú̧��̧:·ú��¦o�7£§\�"f¿º���P: for-Ð�r[�ts�(loop)��r�çß�4�¤ú̧��̧\�¦ýaÄºô�Ç��.
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for (k = 1; k <= n-2; k++)
(1) for (V-{v_1} ¬Ç ¨Á¨ÖáÝî³Éî Öò¬¹ª¸ k ¡µ¬Ç § ¤́È¦Ûå ¡ ́Ýá §¼¤Ûá ¨Á¨ÖáÝî³Éî A)
(2) for (i = 1 ¬È ¬ £́È¡¼ v_i ¡´ A¬¹ ªÑÞ³ ́È ¬Éã£Ûá §¼¤Ûá i)
(3) D[i][A] := minimum_{v_j in A} (W[i][j] + D[v_j][A-{v_j}]);

P[i][A] := value of j that gave the minimum

(1) ���ÀÒáÔ��H

[

n−1
k

]

���ìøÍ4�¤��¦ (n−1>h_���n�\�"f k>h\�¦i(v��H�â
Äº_�Ãº), (2) ���ÀÒáÔ��H n−k−1���ìøÍ

4�¤��¦ (v1�̀¦]jü@��¦ A\�5Åq�t�·ú§��H��n�_�Ì�	Ãº), (3) ���ÀÒáÔ��H A_�ß¼l��� ks�Ù¼�Ð k���ìøÍ4�¤ô�Ç�� (A\�5Åq
ô�Ç��n�_�Ì�	Ãº).����"fr�çß�4�¤ú̧��̧��H

T(n) =
n−2

∑
k=1

(n−k−1)k
[

n−1
k

]

��÷&�¦,s�\�¦0A_�&ñ
o�\�¦s�6 x�#�Û�¦���, T(n) = (n−1)(n−2)2n−3 = Θ(n22n)���)a��.��[jô�ÇÛ�¦s�õ�&ñ
�Ér�§
F�_� 128-129Aá¤�̀¦�ÃÐ�̧�r��̧.

. /BNçß�4�¤ú̧��̧: C�\P� D[vi ,A]ü< P[vi ,A]�� \O����� &������Ht�\�¦ ���&ñ
���� �)a��. V−{v1}��H n−1>h_� ��n�\�¦ ��t�
�¦ e��l� M:ë�H\�,s� C�\P��Ér 2n−1>h_� ÂÒì�r|9�½+Ë A\�¦ ��t��¦ e����. (n>h_� ��s�%7�s� �í�<Ê÷&#Q e����H #Q�"� |9�½+Ë_�
ÂÒì�r|9�½+Ë_�Ì�	Ãº��H 2ns���.)����"fM(n) = 2×n×2n−1 = n2n ∈Θ(n2n)

• j�¬̈: n = 20{9�M:,

. Áº���&ñ
 ·ú��¦o�7£§: y�� #�'���â
�Ð_� U�́s�\�¦ >�íß����HX< ���o���H r�çß��Ér 1µsecs����¦ ½+ÉM:, (20−1)! = 19!µsec=
3857̧��s�����2;��.

. 1lx&h�>�S\�ZO�·ú��¦o�7£§:1lx&h�>�S\�ZO�·ú��¦o�7£§_�l��:r1lx����̀¦Ãº'�����HX<���o���Hr�çß��̀¦ 1µsecs����¦½+ÉM:, T(20)=
(20−1)(20−2)220−3µsec= 45�í�����o��¦, M(20) = 20×220 = 20,971,520_�C�\P�_� slots��9¹כ����.

• C�\P� P�ÐÂÒ'�#Qb�G>�þj&h�#�'���â
�Ð\�¦ ½̈»¡¤½+É¹כ��?

P[1,{v2,v3,v4}] = 3⇒ P[3,{v2,v4}] = 4⇒ P[4,{v2}] = 2

����"fþj&h�#�'���â
�Ð��H [v1,v3,v4,v2,v1].

3.2 &P�e�ø5�Ça�â��FD9ß��
• n = 40{9�M:,1lx&h�>�S\�ZO�·ú��¦o�7£§�Ér 6�̧�s��©�s�����2;��.Õª�QÙ¼�Ðì�rl�ô�Ç&ñ
ZO��̀¦r��̧K��:r��.

• �×e�: ��6£§���]X�'��§>=�Ð³ð�&³�)aÕªA�áÔ\�¦¶ú�(R�Ðr��̧. (�§F� 237Aá¤�ÃÐ�̧)










0 14 4 10 20
14 0 7 8 7
4 5 0 7 16
11 7 9 0 2
18 7 17 4 0











• #Qb�G>��©�I�/BNçß�àÔo�\�¦ ½̈»¡¤½+É��? (�§F� 238Aá¤_� Figure 6.5�ÃÐ�̧)

. y����n���HØ�¦µ1Ï��n��ÐÂÒ'�_�#�'���â
�Ð\�¦����?/>�÷&��HX<,Y>�>hëß�\V\�¦[þt#Q�Ð���,ÍÒo�_�#�'���â
�Ð��H [1]s�
÷&�¦,ÍÒo�\�"f.á<#Q������HÃºï�r 1\�e����H��n�[þt_�#�'���â
�Ð��Hy��y�� [1,2], [1,3], . . ., [1,5]��÷&�¦,��n� [1,2]\�
"f.á<#Q������HÃºï�r 2\�e����H��n�[þt_�#�'���â
�Ð��Hy��y�� [1,2,3], . . ., [1,2,5]��÷&�¦,s����d��Ü¼�Ð.á<#Q����"f{9�
��n�\� �̧²ú��>�÷&���¢-a���ô�Ç#�'���â
�Ð\�¦��t�>��)a��.

. ����"fþj&h�#�'���â
�Ð\�¦ ½̈�l�0AK�"f��H{9���n�\�e����H#�'���â
�Ð\�¦ �̧¿º������#�Õª×�æ\�"f���©�U�́s���Âúª
�Ér#�'���â
�Ð\�¦¹1ÔÜ¼����)a��.

. �ÃÐ�¦:0A\V\�"fy����n�\�$��©�÷&#Qe����H��n��� 4>h��÷&����8s��©�.á<#Q��°ú��9¹כ���\O���.�=������,z���Ér�â

�Ð��H�8s��©�.á<#Q����t�·ú§�¦�̧·ú�Ãºe��l�M:ë�Hs���.

• ì�rl�ô�Ç&ñ
d����t�u�l��Ðþj�¦Äº������Ò�o�̀¦��6 x�l�0AK�"fy����n�_�ô�Ç>�u�\�¦ ½̈½+ÉÃºe��#Q��ô�Ç��.s�ë�H]j\�"f��H
ÅÒ#Q�����n�\�"f.á<#Q����"f%3��̀¦Ãºe����H#�'���â
�Ð_�U�́s�_��ô�Ç(þj�èu�)�̀¦ ½̈�#�ô�Ç>�u��Ðô�Ç��.Õªo��¦y����n�
\�¦���Ò�o½+ÉM:þj�è#�'���â
�Ð_�U�́s��Ð��ô�Ç>�u�������Ér�â
ÄºÕª��n���HÄ»}©�����¦ô�Ç��.þj�è#�'���â
�Ð_��íl�°úכ�Ér
∞�ÐZ�~��H��.����"f¢-a���ô�Ç#�'���â
�Ð\�¦%�6£§%3��̀¦M:��t���Hô�Ç>�u���Áº�̧|	�þj�è#�'���â
�Ð_�U�́s��Ð�����>�÷&Ù¼
�Ð �̧��H��n���HÄ»}©����.

• y����n�_�ô�Ç>�u���H#Qb�G>� ½̈���?
[1, . . . ,k]_�#�'���â
�Ð\�¦�������n�_�ô�Ç>�u���H��6£§õ�°ú s� ½̈ô�Ç��. Let:

A = V− ([1, . . . ,k]�â
�Ð\�5Åqô�Ç �̧��H��n�_�|9�½+Ë)

bound = [1, . . . ,k]�â
�Ð�©�_�8úx��o�
+ vk\�"f A\�5Åqô�Ç��n��Ð����Hs�6£§���_�U�́s�[þt×�æ\�"fþj�èu�
+ ∑i∈A(vi\�"f A∪{v1}−{vi}\�5Åqô�Ç��n��Ð����Hs�6£§���_�U�́s�[þt×�æ\�"fþj�èu�)

• ì�rl�ô�Ç&ñ
��t�u�l��Ðþj�¦Äº������Ò�o�̀¦�#��©�I�/BNçß�àÔo�\�¦ ½̈»¡¤K��Ðr��̧. (�§F� 241Aá¤_� Figure 6.6�ÃÐ�̧)

• s�·ú��¦o�7£§�Ér~½Óë�H���H&ñ
&h�_�Ì�	Ãº���8&h���.Õª�Q����f���̧·ú��¦o�7£§_�r�çß�4�¤ú̧��̧��Ht�Ãº&h�s�����Õª�Ð��3lw�
��! ��r�ú́�K�"f n = 40s�÷&���ë�H]j\�¦Û�¦Ãº\O���H��õ���2£§\O	כ���¦½+ÉÃºe����.

• ���Ér~½ÓZO�s�e���̀¦��? –��H��(approximation)·ú��¦o�7£§:þj&h�_�K�²ú��̀¦ï�r����H�Ð�©��Ér\O�t�ëß�,Áºo�\O�s�þj&h�\�����î�r
K�²ú��̀¦ÅÒ��H·ú��¦o�7£§.
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V� 7*�×

N�ñ5Ñ¡�́O±Õ�¿5�Òeµ: Ça�Ý~
%K�V�

	>�íß�4�¤ú̧��̧(Computational Complexity):

• ·ú��¦o�7£§_�ì�r$3�:#Q�"�:£¤&ñ
·ú��¦o�7£§_� ò́Ö�¦�̧(efficiency)\�¦8£¤&ñ
�<Ê –r�çß�4�¤ú̧��̧(time complexity),/BNçß�4�¤ú̧��̧(space/memory
complexity)

• ë�H]j_�ì�r$3�:{9�ìøÍ&h�Ü¼�Ð “>�íß�4�¤ú̧��̧ì�r$3�”s�êøÍs�\�¦t�g�A���HX<,#Q�"�ë�H]j\�@/K�"fÕªë�H]j\�¦Û�¦Ãºe����H �̧��H·ú�
�¦o�7£§_� ò́Ö�¦�̧_��ô�Ç���(lower-bound)̀�¦���&ñ
ô�Ç��.

• �Ðl�: ('��§>=Y�L!lrë�H]j)

. {9�ìøÍ·ú��¦o�7£§: Θ(n3)

. Strassen_�·ú��¦o�7£§: Θ(n2.81)

. Coppersmith/Winograd_�·ú��¦o�7£§: Θ(n2.38)

. s�ë�H]j_�4�¤ú̧��̧_��ô�Ç����Ér Ω(n2)

. �8���Ér·ú��¦o�7£§s��>rF�½+É��?��f��s��ô�Ç���ëß��pua%~�Ér·ú��¦o�7£§�̀¦¹1Ôt�3lw�%i��¦,ÕªXO����¦�ô�Ç���s�s��Ð
���8	�Ht��̧·ú���?/t�3lw�%i���.

• 4�¤ú̧��̧_��ô�Ç���s� Ω( f (n))���ë�H]j\�@/K�"f4�¤ú̧��̧�� Θ( f (n))���·ú��¦o�7£§�̀¦ëß�[þt#Q?/��H��s�3lq³ðs���.��r�ú́	כ�
���ë�H]j_�4�¤ú̧��̧ �ô�Ç����Ð��±ú��Ér·ú��¦o�7£§�̀¦ëß�[þt#Q�·p����H��ÉrÔ�¦��0px	כ���. (Óüt�:r�©�Ãº&h�Ü¼�Ð·ú��¦o�7£§�̀¦�¾Ó�©�
r�v���H��Ér��0px	כ���.)

• �Ðl�:&ñ
§>=ë�H]j(sorting)

. �§8̈�&ñ
§>=(Exchange sort):Θ(n2)

. ½+Ë#î
&ñ
§>=(Mergesort):Θ(nlgn)

. &ñ
§>=ë�H]j_�r�çß�4�¤ú̧��̧ �ô�Ç����Ér Ω(nlgn) (v�\�¦q��§�#�&ñ
§>=���H�â
Äº\�ëß�K�{©�H�d)

. s�&ñ
§>=ë�H]j_��â
Äº��H�ô�Ç���ëß��pu_�r�çß�4�¤ú̧��̧\�¦�����·ú��¦o�7£§�̀¦¹1Ô��¤��.

V� 1â�
 M±Õ���Ça�Ý~

• s�p�&ñ
§>=�)aC�\P�\��½Ó3lq�̀¦z�0>V,�6£§Ü¼�Ð"f&ñ
§>=���H·ú��¦o�7£§:\V) 8 4 2 7 9 5 1 3

• N±Ó�§h�¤æ̧: M±Õ���Ça�Ý~
(Insertion Sort)

. ë�H]j:q�?/aË>	�í�HÜ¼�Ð n>h_�v�\�¦&ñ
§>=

. {9�§4�:�ª�_�&ñ
Ãº n;v�_�C�\P� S[1..n]

. Ø�¦§4�:q�?/aË>	�í�HÜ¼�Ð&ñ
§>=�)av�_�C�\P� S[1..n]

void insertionsort(int n, keytype S[])
{

index i,j;
keytype x;

for (i = 2; i <= n; i++) {
x = S[i];
j = i - 1;
while (j > 0 && S[j] > x) {

S[j+1] = S[j];
j--;

}
S[j+1] = x;

}
}
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§>=ë�H]j

• i¦»ÇÐ�+¿R�ËÁk�ë5Ñ¡�́O±Õ�¿&P��7� -j�¬̈�ÐM�Ì}.ÊÁ��·e�)K�:
i��ÅÒ#Q&���̀¦M:, while-Ð�r[�ts�(loop)\�"fþj@/ô�Ç i−1���_�q��§��s�ÀÒ#Q�����.Õª�Q���q��§���H8úxS��Ãº��Hþj@/ô�Ç

W(n) =
n

∑
i=2

(i−1) =
n(n−1)

2

• Ë̂�!C��+¿R�ËÁk�ë5Ñ¡�́O±Õ�¿&P��7� -j�¬̈�ÐM�Ì}.ÊÁ��·e�)K�:
i��ÅÒ#Q&���̀¦M:, x��¶ú�{9�|̈cÃºe����H�©��è�� i>he����.

¶ú�{9�½+É�©��è_������oÛ¼ i i −1 · · · 2 1
q��§S��Ãº 1 2 · · · i−1 i−1

x\�¦¶ú�{9����HX<�9¹כ�ô�Ç î̈
ç�Hq��§S��Ãº��H:

1
1
i

+2
1
i

+ · · ·+(i−1)
1
i

+(i−1)
1
i

=
1
i

i−1

∑
k=1

k+
i−1

i
=

(i−1)i
2i

+
i−1

i
=

i +1
2

− 1
i

����"f&ñ
§>=���HX<�9¹כ�ô�Ç î̈
ç�Hq��§S��Ãº��H:
n

∑
i=2

(
i +1

2
− 1

i
) =

n

∑
i=2

i +1
2

−
n

∑
i=2

1
i
≈ (n+4)(n−1)

4
− lnn≈ n2

4

• /BNçß�4�¤ú̧��̧ì�r$3�: $��©��©��è��ÆÒ���Ð ¹כ��9�t� ·ú§��.����"f M(n) = Θ(1). —]j��o�&ñ
§>=(in-place sorting) =ÆÒ���Ð
�è¹כ÷&��H$��©��©��è_�ß¼l����©�Ãº����â
Äº.

V� 2â�
 ¤n>f9cÇa�Ý~

• N±Ó�§h�¤æ̧: ¤n>f9cÇa�Ý~
(Selection Sort)

. ë�H]j:q�?/aË>	�í�HÜ¼�Ð n>h_�v�\�¦&ñ
§>=

. {9�§4�:�ª�_�&ñ
Ãº n;v�_�C�\P� S[1..n]

. Ø�¦§4�:q�?/aË>	�í�HÜ¼�Ð&ñ
§>=�)av�_�C�\P� S[1..n]

void selectionsort(int n, keytype S[])
{

index i,j,smallest;

for (i = 1; i <= n-1; i++) {
smallest = i;
for (j = i+1; j <= n; j++)

if (S[j] < S[smallest])
smallest = j;

exchange S[i] and S[smallest];
}

}

• �¿ÑM�¿R�ËÁk�ë5Ñ¡�́O±Õ�¿&P��7� -j�¬̈�ÐM�Ì}.ÊÁ��·e�)K�:
i�� 1{9�M: q��§S��Ãº��H n−1, i�� 2{9�M: q��§S��Ãº��H n−2, · · ·, i�� n−1{9�M: q��§S��Ãº��H 1s� �)a��.s�\�¦ �̧¿º ½+Ë����,
n(n−1)

2 s���.����"f

T(n) =
n2

2
• �¿ÑM�¿R�ËÁk�ë5Ñ¡�́O±Õ�¿&P��7� -m�Ça�(assignment)�ÐM�Ì}.ÊÁ��·e�)K�:

1����§8̈����HX< 3���t�&ñ
�Ù¼�Ð
T(n) = 3(n−1)

V� 3â�
 Θ(n2)Ça�Ý~
N±Ó�§h�¤æ̧�+j�¬̈
• q��§_�s��̂¦:

·ú��¦o�7£§ q��§S��Ãº t�&ñ
S��Ãº ÆÒ��$��©��©��è��6 x|¾Ó

�§8̈�&ñ
§>= T(n) = n2

2 W(n) = 3n2

2 ]j��o�&ñ
§>=

A(n) = 3n2

4

¶ú�{9�&ñ
§>= W(n) = n2

2 W(n) = n2

2 ]j��o�&ñ
§>=

A(n) = n2

4 A(n) = n2

4

���×þ�&ñ
§>= T(n) = n2

2 T(n) = 3n ]j��o�&ñ
§>=

• ¶ú�{9�&ñ
§>=�Ér�§8̈�&ñ
§>=�Ð����H�½Ó�©�þj�èô�Ç��ØÔ>�Ãº'���)a���¦½+ÉÃºe����.

• ���×þ�&ñ
§>=s��§8̈�&ñ
§>=�Ð�����Ér��? –{9�ìøÍ&h�Ü¼�Ð��H���×þ�&ñ
§>=·ú��¦o�7£§s���ØÔ���¦½+ÉÃºe����.Õª�Q��{9�§4�s�s�p�
&ñ
§>=÷&#Qe����H�â
Äº,���×þ�&ñ
§>=�Ért�&ñ
s�s�ÀÒ#Qt�t�ëß��§8̈�&ñ
§>=�Ért�&ñ
s�s�ÀÒ#Qt�t�·ú§Ü¼Ù¼�Ð�§8̈�&ñ
§>=s���ØÔ��.

• ���×þ�&ñ
§>=·ú��¦o�7£§s�¶ú�{9�&ñ
§>=·ú��¦o�7£§�Ð�����Ér��? –n_�ß¼l���ß¼�¦,v�_�ß¼l���	�H��«Ñ½̈�̧{9�M:��Ht�&ñ
���H
r�çß�s� ú́§s����o�Ù¼�Ð���×þ�&ñ
§>=·ú��¦o�7£§s��8��ØÔ��.
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V� 4â�
 ø5�£U>j�¬̈�ÐM�PLi¦7�ø5�����+�]�£�·V����ÐM�N±Ó�§h�¤æ̧�+
�ø5�¤n>

• n>h_�Z>�>h_�(���Ér)v�\�¦&ñ
§>=���HX<,&ñ
§>=½+Év�[þt�̀¦éß�í�Hy��ª�&ñ
Ãº 1,2, . . . ,ns����¦��&ñ
K��̧�Ð¼#�$í
s��BÒqt÷&t�·ú§
��H��.

• n>h_��ª�Ãº��H n!>h_�í�H\P�(permutation)s��>rF�ô�Ç��.��r�ú́�����, n!��t�_����Érí�H"f�ÐC�\P�½+ÉÃºe������H>pws���.

• ki\�¦ i���P: ��o�\� 0Au�ô�Ç &ñ
Ãº���¦ ½+ÉM:,í�H\P��Ér [k1,k2, . . . ,kn]Ü¼�Ð ����èq Ãº e����.\V\�¦[þt���, [3,1,2]��H k1 = 3,k2 =
1,k3 = 2�Ð³ðr�½+ÉÃºe����.

• i < jü< ki > k j_� �̧|	��̀¦ëß�7á¤���H�©�(pair)(ki ,k j )\�¦í�H\P�\��>rF����H%i�(inversion)s����¦ô�Ç��.\V\�¦[þt#Qí�H\P� [3,2,4,1,6,5]\�
��HY>�>h_�%i�s��>rF�½+É��?²ú�: 5>h

• Ça�h� 7.1: "f�Ð ���Ér n>h_� v�\�¦ v�z�o� q��§�#� &ñ
§>=½+ÉM:,B���� q��§½+ÉM: ���� l�,כ	K��� ���_� %i� ëß��̀¦ ]j�����H
·ú��¦o�7£§�Érþj���_��â
Äº\�þj�èô�Ç

n(n−1)
2

_�q��§\�¦Ãº'��K�����¦

î̈
ç�H&h�Ü¼�Ðþj�èô�Ç
n(n−1)

4
_�q��§\�¦Ãº'��K���ô�Ç��.

¤� ÃZ�:

. �â
Äº 1: (þj���_��â
Äº)

n(n−1)/2>h_�%i��̀¦�����í�H\P�s��>rF�ô�Ç���¦�Ðs����Ø�æì�r���.�=������Õª�Qô�Çí�H\P�s�e��Ü¼���·ú��¦o�7£§s�Õª
ëß��pu_� %i��̀¦ ]j��K��� ��¦,����"f þj�èô�Ç Õªëß��pu_� q��§\�¦ Ãº'��K��� �l� M:ë�Hs���.Õª�Qô�Ç í�H\P��Ér: [n,n−
1, . . . ,2,1].

. �â
Äº 2: (̈î
ç�H&h�Ü¼�Ð)

#Q�"�e��_�_�í�H\P� P = [k1,k2, . . . ,kn]s�e���̀¦M:,Õªí�H\P��̀¦+'|9�#QZ�~Ü¼���(transpose)PT = [kn, . . . ,k2,k1]s��)a��.
s�M:#Q�"�%i�s�÷&��H�©�(pair) (s, r)�ÉrìøÍ×¼r� P\�5Åq�����,��m���� PT\�5Åq�>��)a��.Õª�Q��� Pü< PT\���H&ñ
SX�
�>�8úx n(n−1)/2>h_�%i�s��>rF��>��)a��.����"f Pü< PT\��>rF����H%i�_� î̈
ç�HÌ�	Ãº��H n(n−1)/4s��)a��.#�
l�"f·ú��¦o�7£§s�B����q��§½+ÉM:����l�,כ	K������_�%i�ëß��̀¦]j��ô�Ç���¦��&ñ
�%i�Ü¼Ù¼�Ð,·ú��¦o�7£§s� �̧��H
%i��̀¦]j���l�0AK�"f��Hþj�èô�Ç%i�_�Ì�	Ãºëß��pu_�q��§\�¦ î̈
ç�H&h�Ü¼�ÐÃº'��K���ô�Ç��.����"f&ñ
§>=���HX<�̧Õª
ëß��pu_�q��§\�¦Ãº'��K���ô�Ç��.

• �§8̈�,¶ú�{9�,���×þ�&ñ
§>=�Érô�Ç���q��§½+ÉM:l�,כ	K������_�%i�s��©��Ér]j��½+ÉÃº\O�Ü¼Ù¼�Ðr�çß�4�¤ú̧��̧�� þj���_��â
Äº
n(n−1)

2 , î̈
ç�H&h�Ü¼�Ð��H n(n−1)
4 �Ð��a%~�̀¦Ãº\O���.

V� 5â�
 TÒ¼ÄZ�Ça�Ý~
N±Ó�§h�¤æ̧=�~É��×
• ½+Ë#î
&ñ
§>=(Mergesort)\�"f��H ô�Ç��� q��§K�"f ��� s��©�_� %i��̀¦ ]j�����H �â
Äº�� e����. \V\�¦[þt#Q, ¿º ÂÒì�rC�\P� [3,4]õ�

[1,2]\�¦½+Ë#î
K��Ð��. 3õ� 1�̀¦q��§ô�ÇÊê\� 1�ÉrC�\P�_�'Í	���P:��o�\�Z�~>�÷&�¦,����"f¿º>h_�%i���� (3,1)õ� (4,1)̀�¦1lx
r�\�]j���>��)a��.��6£§, 3õ� 2\�¦q��§ô�ÇÊê\���H 2��HC�\P�_�¿º���P:��o�\�Z�~>�÷&�¦,����"f¿º>h_�%i���� (3,2)ü<
(4,2)\�¦1lxr�\�]j���>��)a��.

• v�\�¦q��§���HS��Ãº\�¦l�ï�rÜ¼�Ðr�çß�4�¤ú̧��̧\�¦>�íß�����: W(n) = A(n) = Θ(nlgn)
v�\�¦t�&ñ
���HS��Ãº\�¦l�ï�rÜ¼�Ð (�̧��H�â
Äº)r�çß�4�¤ú̧��̧\�¦>�íß�����: T(n)≈ 2nlgn

• /BNçß�4�¤ú̧��̧: M(n) = Θ(n) —]j��o�&ñ
§>=s���_��.

V� 6â�
 ��ÒR�Ça�Ý~
N±Ó�§h�¤æ̧=�~É��×
• v�\�¦q��§���HS��Ãº\�¦l�ï�rÜ¼�Ðr�çß�4�¤ú̧��̧\�¦>�íß�����: W(n) = Θ(n2) andA(n)≈ 1.38(n+1) lgn

v�\�¦t�&ñ
���HS��Ãº\�¦l�ï�rÜ¼�Ð (�̧��H�â
Äº)r�çß�4�¤ú̧��̧\�¦>�íß�����: A(n)≈ 3×0.69(n+1) lgn

• /BNçß�4�¤ú̧��̧: s� ·ú��¦o�7£§�Ér ½+Ë#î
&ñ
§>=·ú��¦o�7£§õ� q��§K�"f ÆÒ��&h���� C�\P�s� ¹כ��9�t� ·ú§��H �©�&h�s� e����.Õª�Q�� ½+Ë
#î
&ñ
§>=õ���H²ú�o�C�\P�s�&ñ
SX��>�ìøÍÜ¼�Ð��¾º#Qt�t�·ú§Ü¼Ù¼�Ð,ô�ÇAá¤_�ÂÒì�rC�\P��̀¦&ñ
§>=½+ÉM:,���Érô�ÇAá¤_�ÂÒì�rC�\P�
_�'Í	���õ���t�}�������oÛ¼\�¦�Ö̧$í
YU�ï×¼(activation records)Û¼×þ�\�$��©��#�Ñüt�9¹כ���e����.����"fÆÒ��&h�Ü¼�Ð�9¹כ�
ô�Ç$��©��©��è��Hþj���_��â
Äº M(n) = Θ(n)���)a��.����"f]j��o�&ñ
§>=·ú��¦o�7£§s����¦½+ÉÃº\O���.Õª�Q��ÆÒ��&h�Ü¼�Ð
��¹ô�Ç$��©��©��èכ��9 M(n) = Θ(lgn)��÷&�̧2�¤·ú��¦o�7£§Ãº&ñ
s���0px���.�§F�_� 274-275Aá¤�ÃÐ�̧.

V� 7â�
 "��Ça�Ý~

• ¢-a���s����àÔo�(complete binary tree):àÔo�_�?/ÂÒ\�e����H �̧��H��n�\�¿º>hm����d����n���e����Hs����àÔo�.����"f �̧��H
{9�_�U�·s�(depth)d��H1lx{9����.

• z�́|9�&h�Ü¼�Ð¢-a���s����àÔo�(essentially complete binary tree):U�·s� d−1��t���H¢-a���s����àÔo�s��¦,U�·s� d_���n���H¢,a
Aá¤=åQ\�"fÂÒ'�G�0>���s����àÔo�.

• �n?_�$í
|9�(heap property):#Q�"���n�\�$��©��)a°úכ�ÉrÕª��n�_���d����n�\�$��©��)a°úכ�Ð��ß¼����°ú ��.



56 ]j 7�©� >�íß�4�¤ú̧��̧ >h�:r: &ñ
§>=ë�H]j

• �n?(heap):�n?_�$í
|9��̀¦ëß�7á¤���Hz�́|9�&h�Ü¼�Ð¢-a���s����àÔo�

• �Ðl�:�§F� 276Aá¤_� Figure 7.4ü< 7.5\�¦�Ðr��̧.

• N±Ó�§h�¤æ̧: "��Ça�Ý~
(Heapsort)

void siftdown (heap& H)
{

node parent, largerchild;

parent = root of H;
largerchild = parent’s child containing larger key;
while (key at parent is smaller than key at largerchild) {

exchange key at parent and key at largerchild;
parent = largerchild;
largerchild = parent’s child containing larger key;

}
}

keytype root(heap& H)
{

keytype keyout;

keyout = key at the root;
move the key at the bottom node to the root;
delete the bottom node;
siftdown(H);
return keyout;

}

void removekeys(int n,
heap H,
keytype S[])

{
index i;

for (i = n; i >= 1; i--)
S[i] = root(H);

}

void makeheap (int n, heap& H)
{

index i;
heap Hsub;

for (i = d-1; i >= 0; i--)
for (all subtrees Hsub whose roots have depth i)

siftdown(Hsub);
}

void heapsort(int n,
heap H,
keytype S[])

{
makeheap(n,H);
removekeys(n,H,S);

}

• s�·ú��¦o�7£§s�#Qb�G>�1lx���÷&��Ht��§F� 277-278Aá¤_� Figure 7.6 and 7.7\�¦�Ð�¦s�K��r��̧.

• s�·ú��¦o�7£§s�]j��o�&ñ
§>=·ú��¦o�7£§�����?��6£§õ�°ú s��n?�̀¦C�\P��Ð ½̈�&³ô�Ç�â
Äº\���H]j��o�&ñ
§>=·ú��¦o�7£§s���./BN
çß�4�¤ú̧��̧: Θ(1)

• z�́|9�&h�Ü¼�Ð ¢-a���s����àÔo�\�¦ C�\P��Ð ³ð�&³���H ~½ÓZO�: \V�Ð"f �§F� 276Aá¤_� Figure 7.5_� z�́|9�&h�Ü¼�Ð ¢-a���s����àÔo�\�¦
C�\P��Ð³ð�&³����,�§F� 280Aá¤_� Figure 7.8õ�°ú s��)a��.

. #Q�"���n�_�¢,aAá¤��d����n�_������oÛ¼��HÕª��n�_������oÛ¼_�¿ºC�s���.

. #Q�"���n�_� �̧�ÉrAá¤��d����n�_������oÛ¼��HÕª��n�_������oÛ¼_�¿ºC��Ð�� 1ëß��puß¼��.

• N±Ó�§h�¤æ̧: V���h�

void heapsort(int n, heap& H)
{

makeheap(n,H);
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removekeys(n,H,H.S);
}

• i¦»ÇÐ�+¿R�ËÁk�ë5Ñ¡�́O±Õ�¿&P��7� -j�¬̈�ÐM�Ì}.ÊÁ��·e�)K�:

. l��:r1lx���: siftdown áÔ�Ðr�$�\�"f_�v�_�q��§

. {9�§4�_�ß¼l�: n,8úxv�_�Ì�	Ãº

. makeheapü< removekeys �̧¿º siftdown �̀¦ÂÒØÔÙ¼�Ð���Ðì�r$3��̀¦ô�Ç��.

. makeheap_�ì�r$3�: n = 2k����&ñ
.

d\�¦z�́|9�&h�Ü¼�Ð¢-a���s����àÔo�_�U�·s����¦����, d = lgn. s�M: d_�U�·s�\�¦�������n���H&ñ
SX�y����s��¦Õª��
n���H d>h_� �̧�©�(ancestor)̀�¦ �������.{9�éß� U�·s��� d��� Õª ��n��� \O����¦ ��&ñ
��¦ v��� sift÷&��H �©�ô�Ç°úכ(upper
bound)̀�¦ ½̈K��Ð��.

depth nodeÃº v��� sift÷&��Hþj@/S��Ãº
0 20 d−1
1 21 d−2
2 s2 d−3
· · · · · · · · ·
j 2 j d− j−1
· · · · · · · · ·

d−2 2d−2 1
d−1 2d−1 0

����"f v��� sift÷&��H 8úx S��Ãº��H ∑d−1
j=0 2 j (d− j − 1)\�¦ �Å�t� ·ú§��H��. s�\�¦ ∑n

i=0 2i = 2n+1− 1 ü< ∑n
i=1 i2i = (n−

1)2n+1 +2\�¦s�6 x�#�>�íß�K��Ð���,

d−1

∑
j=0

2 j (d− j−1) = (d−1)
d−1

∑
j=0

2 j −
d−1

∑
j=0

j2 j = 2d−d−1

#�l�\���U�·s��� d����â
Äº sift|̈c S��Ãº_��©�ô�Ç°úכ��� d\�¦�8����, 2d−1 = n−1s��)a��.Õª���X<ô�Ç��� sift|̈cM:����
2���m��q��§�Ù¼�Ðz�́]jq��§S��Ãº��H 2(n−1)s��)a��.

. removekeys _�ì�r$3�: n = 2k����&ñ
.

���$� n = 8s��¦ d = lg8 = 3����â
Äº\�¦Òqty��K��Ð��.�§F� 285Aá¤\�e����H Figure 7.10\�¦�Ð���,%�6£§ 4>h_�v�\�¦]j��
���HX< sift÷&��HS��Ãº�� 2�r,��6£§ 2>h_�v�\�¦]j�����HX< sift÷&��HS��Ãº�� 1�r,Õªo��¦��t�}�� 2>h_�v�\�¦]j��
���HX<��H sift÷&t�·ú§��¤��.����"f8úx siftS��Ãº��H 1(2)+2(4) = ∑3−1

j=1 j2 j ���)a��.����"f{9�ìøÍ&h�����â
Äº��H

d−1

∑
j=1

j2 j = (d−2)2d +2 = d2d−22d +2 = nlgn−2n+2

���)a��.Õª���X<ô�Ç��� sift|̈cM:���� 2���m��q��§�Ù¼�Ðz�́]jq��§S��Ãº��H 2nlgn−4n+4s��)a��.

. ¿ºì�r$3�_�:�x½+Ë:

v�\�¦q��§���H8úxS��Ãº��H ns� 2k{9�M: 2(n−1)+2nlgn−4n+4 = 2(nlgn−2n+1)≈ 2nlgn�̀¦�Å�t�·ú§��H��.����
"fþj���_��â
ÄºW(n) ∈ Θ(nlgn).{9�ìøÍ&h�Ü¼�Ð �̧��H n\�@/K�"f�̧W(n) ∈ Θ(nlgn)s����¦½+ÉÃºe����HX<,�=������
W(n)�Ér���²DG�Ér7£x���<ÊÃºs�l�M:ë�Hs���.��[jô�Ç���½Ó�Ér�§F�_� Appendix B_� Theorem B.4�ÃÐ�̧.

V� 8â�
 Θ(nlgn)N±Ó�§h�¤æ̧�+j�¬̈
·ú��¦o�7£§ q��§S��Ãº t�&ñ
S��Ãº ÆÒ��$��©��©��è��6 x|¾Ó
½+Ë#î
&ñ
§>= W(n) = A(n) = nlgn T(n) = 2nlgn Θ(n)
���Ér&ñ
§>= W(n) = n2

2 Θ(lgn)
A(n) = 1.38nlgn A(n) = 0.69nlgn

�n?&ñ
§>= W(n) = A(n) = 2nlgn W(n) = A(n) = nlgn ]j��o�&ñ
§>=

V� 9â�
 o���·j�¬̈Áþ�ãÃ�×ï5ÑÇa�Ý~
£�·ÊÁ�ßj�ÐM�¿R�ËÁ�+�ø5�¤n>
• nlgn�Ð���8���Ér&ñ
§>=·ú��¦o�7£§�̀¦>hµ1Ï½+ÉÃºe���̀¦��?

–²ú�:v�\�¦q��§���HS��Ãº\�¦l�ï�rÜ¼�Ð���Hô�Ç,�8���Ér·ú��¦o�7£§�ÉrÔ�¦��0px���.

9.1 Ça�Ý~
N±Ó�§h�¤æ̧Uc7�ø5�Úr
Ça�çÃh�
• 3>h_�v�\�¦&ñ
§>=���H·ú��¦o�7£§�̀¦Òqty��K��Ð�� (�§F� 287Aá¤_� sortthree ).Õª 3>h_�v�\�¦y��y�� a,b,c���¦ô�Ç������§F�

288Aá¤_� Figure 7.11õ�°ú �Ér���&ñ
àÔo�(decision tree)\�¦Õªwn=Ãºe����.

• n>h_�v�\�¦&ñ
§>=�l�0Aô�Ç���&ñ
àÔo�\�¦Òqty��K��Ð��.ëß���� n>h_�v�_�y��í�H\P�(permutation)\�@/K�"f,ÍÒo��ÐÂÒ'�{9�
Ü¼�Ðs�ØÔ��HÕªí�H\P��̀¦&ñ
§>=���H�â
�Ð��e����H�â
Äº,Õª���&ñ
àÔo���HÄ»ò́���(valid)�¦ô�Ç��.7£¤,ß¼l��� n���#Q�"�{9�§4�
\�@/K�"f�̧&ñ
§>=½+ÉÃºe����.
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§>=ë�H]j

• Õª�Q��� 3>h_�{9�§4��̀¦&ñ
§>=���H�§8̈�&ñ
§>=·ú��¦o�7£§_����&ñ
àÔo���H#Q�"� �̧�ª��̀¦��|9���?�§F� 289Aá¤_� Figure 7.12�ÃÐ�̧.
#�l�"f ú̧� ¶ú�(R�Ð��� �§8̈�&ñ
§>=\�"f��H =�G �t� ·ú§���̧ |̈c q��§\�¦ ��¦e����.�=������ �§8̈�&ñ
§>=\�"f��H #Q�"� r�&h�\�"f
q��§��s�ÀÒ#Q|9�M:,Õªs����\�s�ÀÒ#Q&��~��q��§_����õ�\�¦���)�·ú�Ãº\O�l�M:ë�Hs���.s��Qô�Ç�&³�©��Érþj&h�(optimal)s�
�����·ú��¦o�7£§\�"fÅÒ�Ð����èß���.

• ��t��2;���&ñ
àÔo�(pruned decision tree):{9��'a$í
e����Hí�H"f�Ð���&ñ
�̀¦?/aË>Ü¼�Ð"fÍÒo��ÐÂÒ'� �̧��H{9�\� �̧²ú�½+ÉÃºe����H
�â
Äº.�§F�_� Figure 7.12\�e����H���&ñ
àÔo���H��t��2;(pruned)���&ñ
àÔo�s���.

• Qc�� 7.1: n>h_�"f�Ð���Érv�\�¦&ñ
§>=���H���&ñ
&h�(deterministic)·ú��¦o�7£§�Ér,Õª\��©�6£x���H&ñ
SX��>� n!>h_�{9��̀¦��
���,Ä»ò́� 9��t��2;s�������&ñ
àÔo����>rF�ô�Ç��.

9.2 i¦»ÇÐ�+¿R�ËÁ�ø5�¤n>
• Qc�� 7.2:���&ñ
àÔo�\�_�K�"fÃº'���)aþj���_��â
Äºq��§S��Ãº��HÕª���&ñ
àÔo�_�U�·s�ü<°ú ��.

• Qc�� 7.3:s����àÔo�(binary tree)_�{9�_�Ãº��ms��¦,U�·s��� ds����, d≥ dlgmes���.

¤� ÃZ�: d\�@/�#�)±ú�ZO�Ü¼�Ð7£x"î
,Äº��� 2d ≥me���̀¦���$��Ð�����.

. )±ú�Ø�¦µ1Ï&h�: d = 0: ��n�_�Ãº��������s����àÔo�.����"f"î
Ñþ�y� 20 ≥ 1.

. )±ú���&ñ
:U�·s��� d��� �̧��Hs����àÔo�\�@/K�"f, 2d ≥m��$í
wn�ô�Ç���¦��&ñ
.

. )±ú�]X�	�:U�·s��� d+1��� �̧��Hs����àÔo�\�@/K�"f, 2d ≥m′e���̀¦�Ðs�����)a��.#�l�"fm′�Ér{9�_�Ãºs���.

2d+1 = 2×2d ≥ 2m )±ú���&ñ
\�_�K�"f$í
wn�
≥m′ y��ÂÒ�̧��n���Hl�,כ	K�����d����n� 2>h\�¦��t�Ù¼�Ð

Õª�QÙ¼�Ð 2d ≥ms�$í
wn�ô�Ç��.#�l�"f�ª����\� lg\�¦�(Äº���, d≥ lgms��)a��.Õª���X< d��H&ñ
Ãºs�Ù¼�Ð, d≥ dlgmes�
�)a��.

• Ça�h� 7.2: n>h_�"f�Ð���Érv�\�¦q��§�<ÊÜ¼�Ðëß�&ñ
§>=���H���&ñ
&h�·ú��¦o�7£§�Érþj���_��â
Äºþj�èô�Ç dnlgn−1.45ne���_�
q��§\�¦Ãº'��ô�Ç��.

¤� ÃZ�: YU�� 7.1\�_�����, n!>h_�{9��̀¦�������t��2;,Ä»ò́ô�Ç,s�������&ñ
àÔo����>rF�ô�Ç��.��r�YU�� 7.3\�_�����,ÕªàÔ
o�_�U�·s���H ≥ dlg(n!)e��÷&�¦,Õª�Q���

lg(n!) = lg[n(n−1)(n−2) · · ·2]
= ∑n

i=2 lg i
≥
R n

1 lgdx
= 1

ln2(nlnn−n+1)
≥ nlgn−1.45n

����"fYU�� 7.2\�_�K�"f,���&ñ
àÔo�_�þj���_��â
Äº_�q��§S��Ãº��HÕªàÔo�_�U�·s�ü<°ú ��.7£x"î
=åQ.

V� 10â�
 Ça�Ý~
N±Ó�§h�¤æ̧�+&P�ÇÚ
• ¤n>f9c�#bÇa�Ý~
�ÐM�ÉÙÇÚ�+N±Ó�§h�¤æ̧: í�H"f@/�Ð�½Ó3lq�̀¦���×þ��#�&h�]X�ô�Ç/BM\�0Au�r�v���H·ú��¦o�7£§.\V�Ð"f,�§8̈�&ñ

§>=,¶ú�{9�&ñ
§>=,���×þ�&ñ
§>=,�n?&ñ
§>=·ú��¦o�7£§s�s�ÂÒÀÓ\�5Åqô�Ç��. (/BNçß�4�¤ú̧��̧��H �̧¿º Θ(1)s���.����"f]j��o�&ñ
§>=·ú�
�¦o�7£§s���.)

• ��h���·��Ò©#a"�Ça�Ý~
�ÐM�ÉÙÇÚ�+N±Ó�§h�¤æ̧: {9�]X�K�e����H�½Ó3lq�̀¦�§8̈��#�"f(��o�\�¦��Ë̈#Q"f)&ñ
§>=s�Ãº'��÷&��H·ú�
�¦o�7£§.\V�Ð"f,��¾¡§&ñ
§>=(Bubble Sort(Θ(n2))),½+Ë#î
&ñ
§>=,���Ér&ñ
§>=·ú��¦o�7£§s�s�ÂÒÀÓ\�5Åqô�Ç��. (��¾¡§&ñ
§>=�̀¦]jü@
��¦��H �̧¿º]j��o�&ñ
§>=·ú��¦o�7£§s���m���.)

V� 11â�
 &P�:�Uc�+ø5�Ça�Ý~
: e�ÊÁÇa�Ý~

• v�\�@/K�"f��Áº���&ñ
�Ð��\O���H�â
Äº\���Hv�[þt�̀¦q��§���H��s�ü@\���H���Ér~½ÓZO�s�\O	כÜ¼Ù¼�Ð Θ(nlgn)�Ð���8a%~�Ér
·ú��¦o�7£§�̀¦ëß�×¼��H��ÉrÔ�¦��0px	כ���.

• Õª�Q��v�\�@/ô�Ç#QÖ¼&ñ
�̧_�&ñ
�Ð\�¦·ú��¦e����H�â
Äº\���H�©�S!�s��̧�FK²ú���|9�Ãºe����.��§î
v�[þts�6£§s������Ãºs��¦
n�t�àÔ(digit)_�Ì�	Ãº�� �̧¿º°ú �����,'Í	���P:n�t�àÔ��°ú �ÉrÃºz�o����Ð �̧Ü¼�¦,Õª×�æ\�"f¿º���P:n�t�àÔ��°ú �ÉrÃº
z�o����Ð �̧Ü¼�¦,��t�}��n�t�àÔ��t�s����d��Ü¼�Ð>�5Åq �̧�Ér�����,y��n�t�àÔ\�¦ô�Ç���m��ëß� �̧��\�¦����&ñ
§>=�̀¦¢-a«Ñ½+É
Ãºe����.�§F� 297Aá¤_� Figure 7.14\�\V��]jr�÷&#Qe����HX<,s����~½ÓZO�Ü¼�Ð&ñ
§>=���H�¦̀�	כ “ì�rC�\�_�ô�Ç&ñ
§>=(sorting
by distribution)” -l�Ãº&ñ
§>=(radix sort) -s����¦ô�Ç��.

• s�ü<°ú s�&ñ
§>=���H�â
Äº�½Ó�©�Óüæu�(pile)\�¦ ½̈$í
���HÌ�	Ãº��{9�&ñ
�t�·ú§Ü¼Ù¼�Ð�'ao��l���~1�t�·ú§��.s�\�¦K�����
l�0AK�"f��H��6£§\Vü<°ú s� �̧�ÉrAá¤=åQ\�e����Hn�t�àÔÂÒ'����$� �̧��\�¦r���������)a��.

239 234 879 878 123 358 416 317 137 225
___ ___ ___ ___ _______ _______ _______

1st pass 123 234 225 416 317 137 878 358 239 879
_______ _______ ___________ ___ _______

2nd pass 416 317 123 225 234 137 239 358 878 879
_______ ___________ _______ ___ _______

3rd pass 123 137 225 234 237 317 358 416 878 879 ¢Ûö



]j 11]X� ì�rC�\�_�ô�Ç&ñ
§>=:l�Ãº&ñ
§>= 59

11.1 k�ë5Ñ¡�́O±Õ�¿&P��7�
• l��:r1lx���:Óüæu�\�Ãº\�¦ÆÒ�����H1lx���

• {9�§4�_�ß¼l�:&ñ
§>=��9��H&ñ
Ãº_�Ì�	Ãº = n,y��&ñ
Ãº\�¦s�ÀÒ��Hn�t�àÔ_�þj@/Ì�	Ãº = numdigits

• �̧��H�â
Äºr�çß�4�¤ú̧��̧ì�r$3�:
T(n) = numdigits(n+10) ∈Θ(numdigits×n)

����"f numdigits�� nõ�°ú Ü¼���,r�çß�4�¤ú̧��̧��HΘ(n2)���)a��.Õª�Q��{9�ìøÍ&h�Ü¼�Ð"f�Ð���Ér n>h_�Ãº��e���̀¦M:Õª�¦̀�	כ
³ð�&³���HX<�9¹כ�ô�Çn�t�àÔ_�Ãº��H lgnÜ¼�Ð �̂¦Ãºe����.����"fl�Ãº&ñ
§>=_�þj���_��â
Äºr�çß�4�¤ú̧��̧��HΘ(nlgn)s��¦,�Ð
:�xþj���_��â
Äº��$í
2[�)a��.\V:ÅÒ���1px2�¤��� ñ��H 13>h_�n�t�àÔ�Ð÷&#Qe����HX<,³ð�&³½+ÉÃºe����HÌ�	Ãº��H 10,000,000,000,000>h
s���.s� 10�̧>h_���� ñ\�¦l�Ãº&ñ
§>=���HX<���o���Hr�çß��Ér 10,000,000,000,000× log1010,000,000,000,000= 130�̧

11.2 �ë5Ñ¡�́O±Õ�¿&P��7«כ�
• ÆÒ��&h�Ü¼�Ð�9¹כ�ô�Ç/BNçß��Érv�\�¦�������)ao�Û¼àÔ�Ðëß�×¼��HX<�9¹כ�ô�Ç/BNçß�,7£¤, Θ(n)s���.
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V� 8*�×

N�ñ5Ñ¡�́O±Õ�¿5�Òeµ: ~É�aËc%K�V�

V� 1â�
 o���·j�¬̈Áþ�ãÃ�×ï5Ñ~É�aËc£�·ÊÁ�ßj�ÐM�¿R�ËÁ�+�ø5�
• ~É�aËc(Searching)%K�V�: n>h_�v�\�¦�����C�\P� Sü<#Q�"�v� x��ÅÒ#Q&���̀¦M:, x = S[i]��÷&��H'���� i\�¦¹1Ô��H��.ëß���� x��
C�\P� S\�\O��̀¦M:��H �̧ÀÓ�Ð%�o�ô�Ç��.

• l�ë�>~É�aËcN±Ó�§h�¤æ̧: C�\P�s�&ñ
§>=s�÷&#Qe����H�â
Äºr�çß�4�¤ú̧��̧��W(n) = blgnc+1��÷&#Q"f,B�Äº ò́Ö�¦&h����·ú��¦o�
7£§s����¦½+ÉÃºe����.

ë�H:s��Ð���8a%~�Ér(���Ér)·ú��¦o�7£§�Ér�>rF�½+É��?

²ú�:v�\�¦q��§�<ÊÜ¼�Ðëß����Ò�o�̀¦Ãº'�����H�â
Äº\���Hs�������Ò�o·ú��¦o�7£§�Ð���8a%~�Ér·ú��¦o�7£§�Ér�>rF�½+ÉÃº\O���.

• ~É�aËc%K�V��+�ø5�(lower-bound)P±Øe�: (�Ðl�) 7>h_�v�\�¦���Ò�o���Hë�H]j\�¦Òqty��K��Ð��.�§F� 309Aá¤_� Figure 8.1_�s����
���Ò�o�̀¦0Aô�Ç���&ñ
àÔo�(decision tree)\�¦�Ð��.#�l�"fq��§���H��n�ëß��¦�9����s����&ñ
àÔo���Hs����àÔo�(binary tree)��
�)a��.s�s����àÔo���H?/ÂÒ��n�(internal node)\�"fq��§��s�ÀÒ#Qt��¦,y����t�(branch)��Hþj@/ô�Ç 3>h_�?/ÂÒ��n�\�¦��
�����.í�H	����Ò�o_��â
Äº���&ñ
àÔo���H�§F� 310Aá¤_� Figure 8.2ü<°ú s��)a��.#�l�\�"f��t���H 7>h_�?/ÂÒ��n�\�¦�������.

1.1 i¦»ÇÐ�+¿R�ËÁ�ø5�P±Øe�
• þj���_��â
Äºq��§���HS��Ãº��H���&ñ
àÔo�_�ÍÒo�(root)\�"f{9�(leaf)��t����©�|���â
�Ð(path)�©�_���n�(node)_�Ãº���X<,
s���HàÔo�_�U�·s�(depth) + 1s���.

• Qc�� 8.1: ns�s����àÔo�_���n�_�Ì�	Ãºs��¦, d��U�·s�s����, d≥ blgnc
¤� ÃZ�:

n ≤ 1+2+22 + · · ·+2d

n < 2d+1

lgn < d+1
blgnc ≤ d

• Qc�� 8.2: n>h_����Érv�×�æ\�"f#Q�"�v� x\�¦¹1Ô��H��t��2;Ä»ò́���&ñ
àÔo�(pruned, valid decision tree)��Hq��§���H��n���
þj�èô�Ç n>he����.

¤� ÃZ�: �§F��ÃÐ�̧.

• Ça�h� 8.1: n>h_����Érv���e����HC�\P�\�"f#Q�"�v� x\�¦¹1Ô��H·ú��¦o�7£§�Érv�\�¦q��§���HS��Ãº\�¦l�ï�rÜ¼�ÐÙþ¡�̀¦M:þj���
_��â
Äºþj�èô�Ç blgnc+1ëß��pu_�q��§\�¦ô�Ç��.

¤� ÃZ�: Õª·ú��¦o�7£§_����&ñ
àÔo�\�"fq��§���H��n�ëß�Ü¼�Ðs�ÀÒ#Q���s����àÔo�\�¦�Ð���,þj���_��â
Äºq��§S��Ãº��Hs����
àÔo�_�ÍÒo�\�"fÂÒ'�{9���t�_� �̧��H�â
�Ð��î�rX<���©�|�������n�Ãº���)a��.ÕªÃº��Hs����àÔo�_�U�·s_	כ + 1s��)a��.
Õª���X<YU�� 8.2\�"fs�s����àÔo�_���n�Ãº��H ns����%i�Ü¼Ù¼�Ð,Õªs����àÔo�_�U�·s���H blgnc�Ð��ß¼����°ú ��.

1.2 Ë̂�!C��+¿R�ËÁ�ø5�P±Øe�
• þj���_��â
Äºü<q�5pw�>� blgnc−1s���.7£x"î
Òqt|ÄÌ.

V� 2â�
 �×ë5Ñ~É�aËc
• q��§���Hs�ü@\�,���ÉrÆÒ��&h����&ñ
�Ð\�¦s�6 x�#����Ò�o�̀¦½+ÉÃºe����H�â
Äº�ô�Ç�̀¦>h���½+ÉÃºe����.

• �Ðl�: 10>h_�&ñ
Ãº\�¦���Ò�o���HX<,#�l�"f'Í	���P:&ñ
Ãº��H 0-9×�æ\����s��¦,¿º���P:&ñ
Ãº��H 10-19×�æ\����s��¦,[j
���P:��H 20-29×�æ\����s��¦, · · ·,\P����P:&ñ
Ãº��H 90-99×�æ\�������¦���.s��â
Äºëß�������Ò�ov� x�� 0�Ð���������,
99�Ð��ß¼������Ð���Ò�os�z�́J�e���̀¦·ú�Ãºe���¦,ÕªXO�t�·ú§Ü¼������Ò�ov� xü< S[1 + x div 10] õ����Ðq��§K��Ð���
�)a��.
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• �Ð:�x0A_��Ðl�ëß��pu��[jô�Ç&ñ
�Ð\�¦�½Ó�©���|9�Ãºe�����¦��H�Ðl�\���HÁºo���e����.Õª�Q��{9�ìøÍ&h�Ü¼�ÐX<s�'������©�
	�H°úכõ����©�����Ér°úכs�ç�H1px�>�ì�r�í÷&#Qe�����¦��&ñ
K��Ð��H�
�{©�$í��Ér	כs�e��#Q�Ð�����.s��â
ÄºìøÍÜ¼�ÐÁº���&ñ

��¾º��H@/���\�,v���e���̀¦ëß�ô�Ç/BM�̀¦���Ð��"f�����K��Ð����8¹¡¤À1Ïo����Ò�o�̀¦��}9�Ãº��e���̀¦���_��s���.s����d	כ��Ò�o
·ú��¦o�7£§�̀¦�×ë5Ñ~É�aËc(interpolation search)s����¦ô�Ç��.

• �Ðçß����Ò�o\�"f��H���+þA�Ðçß�ZO�(linear interpolation)̀�¦��6 x�#�mid\�¦��6£§d���̀¦s�6 x�#� ½̈ô�Ç��.

mid = low+
⌊

x−S[low]
S[high]−S[low]

× (high− low)
⌋

�Ðl�: S[1] = 4s��¦ S[10] = 97{9�M:���Ò�ov��� 25s����, mid = 3s��)a��.

• &P��7�:��s�%7�s�ç�H1px�>�ì�r�í÷&#Qe���¦,���Ò�ov���y��_þt2�©\�e���̀¦SX�Ò�¦s�°ú ���¦��&ñ
����,�Ðçß����Ò�o_� î̈
ç�H&h����r�
çß�4�¤ú̧��̧��H A(n)≈ lg(lgn)s��)a��.\V�Ð"f ns� 10%3�s������, lg(lgn)�Ér��� 5���)a��.éß��Ðçß����Ò�o_�éß�&h��Érþj���_��â
Äº
_�r�çß�4�¤ú̧��̧����åÔ����H�s���.\V�Ð"f	כ 10>h_���s�%7�s� 1,2,3,4,5,6,7,8,9,100s��¦,#�l�"f 10̀�¦¹1ÔÜ¼�9�¦ô�Ç�����,
mid°úכ�Ér�½Ó�©� low°úכs�÷&#Q"f �̧��H��s�%7�õ�q��§\�¦K���ô�Ç��.����"fþj���_��â
Äºr�çß�4�¤ú̧��̧��Hí�H	����Ò�oõ�°ú ��.

2.1 �×"�×ÛÖS�×ë5Ñ~É�aËc(Robust Interpolation Search)
• gaps�êøÍ���Ãº\�¦�½Ó�©� mid− lowü< high−mid�Ð���½Ó�©�����̧2�¤Ä»t��#���6£§õ�°ú s�mid\�¦ ½̈ô�Ç��.

1. gap= b(high− low+1)
1
2 c

2. mid°ú0¦̀�כAü<°ú s����+þA�Ðçß�ZO�Ü¼�Ð ½̈ô�Ç��.

3. ��6£§d��Ü¼�ÐDh�Ðî�r mid°ú̀�כ¦ ½̈ô�Ç��.

mid = minimum(high−gap,maximum(mid, low+gap))

• s�~½ÓZO�Ü¼�Ð0A_�\V_� mid°ú̀�כ¦��r� ½̈K��Ðr��̧.²ú�: mid = 4.

• &P��7�: ��s�%7�s�ç�H1px�>�ì�r�í÷&#Qe���¦,���Ò�ov���y��_þt2�©\�e���̀¦SX�Ò�¦s�°ú ���¦��&ñ
����,�Ðy©��)a�Ðçß����Ò�o_� î̈

ç�H&h����r�çß�4�¤ú̧��̧��H A(n)≈ lg(lgn)s�÷&�¦,þj���_��â
Äº��HW(n)≈ (lgn)2

V� 3â�
 çÃh�Ä©�¿��·~É�aËc�e�
• Ça��\�~É�aËc(Static searching):X<s�'���ô�Ç�����\���{9�\�$��©�÷&#QÆÒÊê\�ÆÒ�������]j��s�ÀÒ#Qt�t�·ú§��H�â
Äº\�s�
ÀÒ#Qt���H���Ò�o,7£¤\V\�¦[þt��� OS"î
§î
\�_�ô�Ç���Ò�o.

• �â �\�~É�aËc(Dynamic searching):X<s�'���Ãºr��ÐÆÒ�����]j÷&��HÄ»1lx&h�����â
Äº,\V�Ð"fq�'��l�\V���r�Û¼%7�.

• C�\P���«Ñ½̈�̧\�¦��6 x����,&ñ
&h����Ò�o_��â
Äº��Hë�H]j\O�s�s�������Ò�os����Ðçß����Ò�o·ú��¦o�7£§�̀¦&h�6 x½+ÉÃºe��t�ëß�,1lx&h�
���Ò�o_��â
Äº��Hs�·ú��¦o�7£§�̀¦&h�6 x�l���Ô�¦��0px���.����"fàÔo�(tree)½̈�̧\�¦��6 x�#���ô�Ç��.

3.1 �â �\�~É�aËc£�·�Dø5�l�ë�>~É�aËcçÃh�
• Ça��+: s�������Ò�oàÔo���H(Binary search tree)��H��6£§ �̧|	��̀¦ëß�7á¤���Hs����àÔo�s���:

. y����n��������_�v���½+É{©�÷&#Qe����.

. #Q�"���n� n_�¢,aAá¤ÂÒì�ràÔo�(left subtree)\�5Åqô�Ç �̧��H��n�_�v���HÕª��n� n_�v��Ð���������°ú ��.

. #Q�"���n� n_� �̧�ÉrAá¤ÂÒì�ràÔo�(right subtree)\�5Åqô�Ç �̧��H��n�_�v���HÕª��n� n_�v��Ð��ß¼����°ú ��.

• in-orderàÔo�í�H8̈�(tree traversal)̀�¦����&ñ
§>=�)aí�H"f�Ð��s�%7��̀¦ÆÒØ�¦½+ÉÃºe����.

• î̈
ç�H ���Ò�or�çß��̀¦ ±ú�>� Ä»t�ô�Ç��: 1lx&h�Ü¼�Ð àÔo�\� ��s�%7�s� ÆÒ��÷&�¦ ���]j÷&Ù¼�Ð àÔo��� �½Ó�©� ç�H+þA(balabnce)̀�¦ Ä»
t�ô�Ç����H�Ð�©�s�\O���.:£¤y�þj���_��â
Äº��H�������)ao�Û¼àÔ(linked list)\�¦��6 x���H�skewed)	כ tree)õ�°ú �Ér ò́õ�\�¦ï�r��.
Õª�Q���½� ü�(random)�>���s�%7�s�àÔo�\�ÆÒ��÷&��H�â
Äº��H@/�̂�ÐàÔo���ç�H+þA�̀¦Ä»t�ô�Ç���¦ �̂¦Ãºe��Ü¼Ù¼�Ð î̈
ç�H
&h�Ü¼�Ð ò́Ö�¦&h�������Ò�or�çß��̀¦l�@/½+ÉÃºe����.

• s�������Ò�oàÔo�\�¦s�6 x����À1Ïo���s�%7��̀¦ÆÒ����¦���]jô�Ç��.

• Ça�h�: ���Ò�o���H��s�%7� x�� n>h_���s�%7�×�æ_������ |̈cSX�Ò�¦s�1lx{9�����¦��&ñ
����, n>h_���s�%7��̀¦����� �̧��H{9�
§4��̀¦���Ò�o���HX<���o���H î̈
ç�Hr�çß��Érs�������Ò�oàÔo�\�¦��6 x����@/|ÄÌ A(n) = 1.38lgns��)a��.

¤� ÃZ�: k���P:�Ð ����Ér ��s�%7�s� ÍÒo�\� 0Au���¦ e����H n>h_� ��s�%7��̀¦ ����� �̧��H s�������Ò�oàÔo�[þt�̀¦ Òqty��K� �Ð��. s�
àÔo�[þt�Ér �̧¿º ¢,aAá¤ ÂÒì�ràÔo�\� k−1>h_� ��n��� e���¦, �̧�ÉrAá¤ ÂÒì�ràÔo�\� n− k>h_� ��n��� e����. A(k−1)�̀¦ ¢,aAá¤
ÂÒì�ràÔo�\�¦ ���Ò�o���HX< ���o���H î̈
ç�H���Ò�or�çß� s����¦ ��¦, A(n− k)�̀¦ �̧�ÉrAá¤ ÂÒì�ràÔo�\�¦ ���Ò�o���HX< ���o���H î̈
ç�H
���Ò�or�çß� s����¦ ���.Õª�Q��� x�� ¢,aAá¤ ÂÒì�ràÔo�\� e���̀¦ SX�Ò�¦�Ér (k−1)/ns� ÷&�¦, �̧�ÉrAá¤ ÂÒì�ràÔo�\� e���̀¦ SX�Ò�¦�Ér
(n−k)/ns��)a��.s�M: A(n|k)\�¦ k���P:�Ð����Ér��s�%7�s�ÍÒo�\�0Au���¦e����Hs�������Ò�oàÔo�\�¦Òqt$í
���Hß¼l� n_�{9�
§4�\�@/ô�Ç î̈
ç�H���Ò�or�çß�s����¦����,

A(n|k) = A(k−1)
k−1

n
+A(n−k)

n−k
n

+1

Õª�Q���,

A(n) =
1
n

n

∑
k=1

[

k−1
n

A(k−1)+
n−k

n
A(n−k)+1

]
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#�l�"fC(n) = nA(n)Ü¼�ÐZ�~Ü¼���,

C(n)
n

=
1
n

n

∑
k=1

[

k−1
n

C(k−1)
k−1

+
n−k

n
C(n−k)

n−k
+1

]

C(n) =
n

∑
k=1

[

C(k−1)
n

+
C(n−k)

n
+1

]

=
n

∑
k=1

1
n

[C(k−1)+C(n−k)]+n

C(1) = 1A(1) = 1

s� F��&³~½Ó&ñ
d��(recurrence)�Ér ���Ér&ñ
§>=_� î̈
ç�H_� �â
Äº_� r�çß�4�¤ú̧��̧ü< ��_� °ú ��. ����"f C(n) ≈ 1.38(n+ 1) lgn ≈
1.38lgn

• Õª�Q��þj���_��â
Äº_�r�çß�4�¤ú̧��̧��H Θ(n)s�Ù¼�Ðs�~½ÓZO�s��½Ó�©� ò́Ö�¦&h�s����¦��H�Ð�©�½+ÉÃº\O���.

3.2 B-çÃh�
• n�Û¼ß¼\�]X���H���Hr�çß�(ü@ÂÒ���Ò�o:external search)�Ér RAM\�]X���H���Hr�çß�(?/ÂÒ���Ò�o:internal search)�Ð���s̀���Ö¼o�
l�M:ë�H\�z�́]j�Ð��H���Ò�or�çß�s����+þAÜ¼�Ð����èß�����8���̧ ü@ÂÒ���Ò�o_��â
Äº\���Ha%~���¦~ÃÎ��[þt#�|9�Ãº\O���.��
��"fs�����â
Äºs����àÔo����½Ó�©�ç�H+þA�̀¦s�ÀÒ>��<ÊÜ¼�Ð"f���Ò�or�çß��̀¦×�¦�����.

• AVL àÔo�:��s�%7�_�ÆÒ��r�çß�,���]jr�çß�s� �̧¿º Θ(lgn)s��¦,���Ò�or�çß��̧ ��ðøÍ��t�s���.

• B-àÔo�(B-Trees)/2-3àÔo�:{9�[þt_�U�·s�(Ãºï�r)\�¦�½Ó�©�°ú >�Ä»t�.

V� 4â�
 B��Hú(Hashing)
• 1\�"f 100��s�_�&ñ
Ãº�Ð�)av���e���¦, 100>h_�YU�ï×¼��e�����¦���.Õª�Q���ß¼l��� 100���C�\P� S\�¦ëß�[þt#Q"f$��©�
�������Érr�çß�îß�\����Ò�o½+ÉÃºe����.Õª���X<ëß����v���ÅÒ���1px2�¤��� ñ������-Áº ú́§�Ér$��©��©��è���9¹כ��>��)a��.

• K�ZO�: 0..99_�'����\�¦�����ß¼l��� 100���C�\P��̀¦ëß���HÊê\�,v�\�¦ 0..99��s�_�°ú̀�כ¦��t��̧2�¤B��D(hash)ô�Ç��.#�l�"f
K�/'�<ÊÃº��Hv�\�¦C�\P�_�'����°úכÜ¼�Ð���8̈����H�<ÊÃºs���.K�/'�<ÊÃº_�\V: h(key) = key % 100

• #�l�"f 2>hs��©�_�v���°ú �ÉrK�/'°ú̀�כ¦°ú���H�â
ÄºØ�æ[�t(collision)s�Òqt|����.

• Ø�æ[�t~½Ót�ZO�: �̧�ÉrK�~Û¼(open addressing)

°ú �Ér K�/'°ú̀�כ¦ °ú���H v�[þt�̀¦ ��½̈m�\� �̧�� Z�~��H��.ÅÒ�Ð ��½̈m���H �������)a o�Û¼àÔ(linked list)�Ð ½̈�&³�̀¦ ô�Ç��.��×�æ\�
��½̈m�\�¦���Ò�o½+ÉM:��Hí�H	����Ò�oÜ¼�Ðô�Ç��.

• ëß�{9� �̧��Hv���°ú �ÉrK�/'°ú̀�כ¦°ú���H�â
Äº,7£¤,°ú �Ér��½̈m�\� �̧¿º �̧#�e����H�â
Äº\���Hí�H	����Ò�oõ�1lx{9����.Õª�Q��
��'��y��̧ÕªXO�SX�Ò�¦�Ér��_�\O���.

100×
(

1
100

)100

= 10−198

• K�~Û¼s� ò́õ�\�¦%3�l�0AK�"f��Hv�����½̈m�\�ç�H{9��>�ì�r�í�����)a��.7£¤,\V\�¦[þt���, n>h_�v�õ� m>h_���½̈m���e��
�̀¦M:,y����½̈m�\� î̈
ç�H&h�Ü¼�Ð n

m>h_�v�\�¦°ú�>������)a��.

• Ça�h� 8.4: n>h_�v���m>h_���½̈m�\�ç�H{9��>�ì�r�í÷&#Qe�������,���Ò�o\�z�́J�ô�Ç�â
Äºq��§S��Ãº��H n
ms���.

• Ça�h� 8.4: n>h_�v��� m>h_���½̈m�\�ç�H{9��>�ì�r�í÷&#Qe���¦,y��v������Ò�o�>� |̈c SX�Ò�¦s� �̧¿º°ú �����,���Ò�o\�$í

/BNô�Ç�â
Äºq��§S��Ãº��H n

2m + 1
2s���.

¤� ÃZ�: y����½̈m�_� î̈
ç�H���Ò�or�çß��Ér n
m>h_�v�\�¦í�H	����Ò�o���H î̈
ç�Hr�çß�õ�°ú ��. x>h_�v�\�¦í�H	����Ò�o���HX<���o���H

î̈
ç�H���Ò�or�çß��Ér

1× 1
x

+2× 1
x

+ · · ·+x× 1
x

=
1
x

x

∑
i=1

i =
1
x
× x(x+1)

2
=

x+1
2

����"f
n
m +1

2
=

n
2m

+
1
2

• �Ðl�:v���ç�H{9��>�ì�r�í÷&#Qe���¦ n = 2m{9�M:

. ���Ò�oz�́J�r����o���Hr�çß� = 2m
m = 2

. ���Ò�o$í
/BNr����o���Hr�çß� = 2m
2m + 1

2 = 3
2
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V� 9*�×

N�ñ5Ñ¡�́O±Õ�¿ÿ?��ÇÙe�×Ï�ÑM�Ça��¿:
NPl�Òeµ�+�¿5�

V� 1â�
 ��ÇÙe�×Ï�ÑM�Ça��¿
• ��/�×ÐÏ�ãÃ�× k�ë5Ñ¡�́O±Õ�¿�� Ø̧k�bCÐM� N±Ó�§h�¤æ̧(Polynomial-time algorithm): {9�§4�_� ß¼l��� n{9�M:,þj���_� �â
Äº Ãº'��
r�çß�s�W(n) ∈O(p(n))���·ú��¦o�7£§.#�l�"f p(n)�Ér n_����½Ód���<ÊÃº(polynomial function)s���.\V\�¦[þt���,r�çß�4�¤ú̧��̧
�� 2n, 3n3 +4n, 5n+n10,nlgn���·ú��¦o�7£§[þt�Ér �̧¿º���½Ód��Ü¼�Ðr�çß�4�¤ú̧��̧��³ðr�÷&��H·ú��¦o�7£§\�5Åqô�Ç��. 2n, 20.01n,
2
√

n, n! �Ér���½Ód��s���m���.

• ��ÇÙe�×Ï�ÑM�Ça��¿(Intractability): #Q�"�ë�H]j\�¦���½Ód��Ü¼�Ðr�çß�4�¤ú̧��̧��³ðr�÷&��H·ú��¦o�7£§Ü¼�ÐÛ�¦Ãº��\O��̀¦M:,Õª
ë�H]j\�¦ “��ÀÒl�jËµ[þt��(intractable)”���¦ô�Ç��.

ìøÍ\V:����W'��§>=Y�L!lrë�H]j(Chained Matrix Multiplication Problem) (Sec.3.4)

. Áº���&ñ
·ú��¦o�7£§: Θ(2n)

. 1lx&h�>�S\�ZO�·ú��¦o�7£§: Θ(n3)

. ����"fs�ë�H]j��H��ÀÒl�jËµ[þtt�·ú§�� (not intractable)

V� 2â�
 %K�V��+&P�ÇÚ: 3��m��+%K�V�
�Yc�§h�

2.1 ��/�×ÐÏ�ãÃ�×k�ë5Ñ¡�́O±Õ�¿�� Ø̧k�bCÐM�N±Ó�§h�¤æ̧l�×iµ=��ÐM�%K�V�
• �̧��H·ú��¦o�7£§[þt_�Ãº'��r�çß�s����½Ód�����ë�H]j

. &ñ
§>=(sorting)���Hë�H]j: Θ(nlgn)

. &ñ
§>=�)aC�\P�\�¦v�\�¦���Ò�o���H(searching)ë�H]j: Θ(lgn)

. '��§>=(matrix)Y�L!lrë�H]j: Θ(n2.38)

• ���½Ód��s������Ãº'��r�çß��̀¦�����·ú��¦o�7£§�̧e��Ü¼��,���½Ód��_�Ãº'��r�çß��̀¦�����·ú��¦o�7£§�̀¦¹1Ô�Ér�â
Äº

. ����W'��§>=Y�L!lrë�H]j

. þjéß��â
�Ðë�H]j

. þj�èq�6 x����©�àÔo�(Minimum spanning tree)ë�H]j

2.2 ��ÇÙe�×Ï��æ·���§¤� ÃZ�l�ÛÖS%K�V�
• q����½Ód��(nonpolynomial)ß¼l�_����õ�\�¦¹כ½̈���Hë�H]j:

\V: �̧��HK�x9��Ðm�îß��r�Ð\�¦���&ñ
���Hë�H]j -ëß�{9� �̧��H&ñ
&h�[þtçß�\�s�6£§���s�e�������, (n−1)!>h_�²ú��̀¦%3�#Q��ô�Ç��.
s��Qô�Çë�H]j��H���_�K�x9��Ðm�îß��r�Ð\�¦ ½̈���Hë�H]j\�q�K�"f�9¹כ�s��©�Ü¼�Ð ú́§�Ér²ú��̀¦¹כ½̈�Ù¼�Ð��z�́�©�q��&³z�́
&h�s��¦,��ÀÒl�jËµ��Hë�H]j�Ðì�rÀÓ�)a��.

• q����½Ód��ß¼l�_����õ�\�¦¹כ½̈�t�·ú§�¦,���½Ód��r�çß�\�Û�¦Ãº\O����¦7£x"î
�)aë�H]j:Z�t³1Ñ>��̧ s����ÂÒÀÓ\�5Åq���Hë�H
]j��H�©�@/&h�Ü¼�ÐZ>��Ð\O���.

. ���&ñ
Ô�¦��0pxô�Çë�H]j(undecidable problem):Õªë�H]j\�¦Û�¦Ãºe����H·ú��¦o�7£§s��>rF�½+ÉÃº\O����¦7£x"î
s��)aë�H]j

(\V) Haltingë�H]j: #Q�"� áÔ�ÐÕªÏþ� P�� &ñ
�©�&h�Ü¼�Ð Ãº'��s� ÷&#Q"f 7áx«Ñ���Ht�\�¦ ���&ñ
���H ë�H]j. (1936̧�� Alan
Turing\�_�K�"f7£x"î
÷&%3�6£§)

Ça�h�: Haltingë�H]j��H���&ñ
Ô�¦��0px(undecidable)���.
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�̧: NPs��:r_��è>h

¤� ÃZ�: s�ë�H]j\�¦Û�¦Ãºe����H·ú��¦o�7£§s��>rF�ô�Ç���¦��&ñ
���.Õª·ú��¦o�7£§�Ér#Q�"�áÔ�ÐÕªÏþ��̀¦ inputÜ¼�Ð~ÃÎ��
"fÕªáÔ�ÐÕªÏþ�s�7áx«Ñ���� “\V”����H²ú��̀¦ÅÒ�¦,ÕªáÔ�ÐÕªÏþ�s�7áx«Ñ�t�·ú§Ü¼��� “��m��̧”����H²ú��̀¦×�¦�.���s	כ
Õª·ú��¦o�7£§�̀¦ Halt ���¦����,��6£§õ�°ú �Ér “ú́��̧îß��#” ·ú��¦o�7£§�̀¦ëß�[þtÃºe����.

algorithm §Éå¤¼¬Éá¤¾
if Halt( §Éå¤¼¬Éá¤¾) == " ¬»" then

while true do
print " ¬¶³¼"

(1) ëß�{9� “ú́��̧îß��#” ·ú��¦o�7£§s�&ñ
�©�&h�Ü¼�Ð7áx«Ñ(halt)���H·ú��¦o�7£§s����¦ô�Ç�����, �̧|	�d��Halt( §Éå¤¼¬Éá¤¾)��H
“\V”��÷&�¦,����"fs�·ú��¦o�7£§�Ér]X�@/�Ð7áx«Ñ�t�·ú§��H��.s���H��&ñ
õ��©�ìøÍ�)a��.

(2) ëß�{9� “ú́��̧îß��#” ·ú��¦o�7£§s�&ñ
�©�&h�Ü¼�Ð7áx«Ñ(halt)�t�·ú§��H·ú��¦o�7£§s����¦ô�Ç�����, Halt( §Éå¤¼¬Éá¤¾)��H
“��m��̧”��÷&�¦,����"fs�·ú��¦o�7£§�Ér7áx«Ñ�>��)a��.s��̧��ðøÍ��t��Ð��&ñ
õ��©�ìøÍ�)a��.

����:r&h�Ü¼�Ð, Halt ����H·ú��¦o�7£§�Ér�>rF�½+ÉÃº\O���.

. ���&ñ
��0px(decidable)����"f��ÀÒl�jËµ��H(intractable)ë�H]j:
(\V) Presburger Arithmeticë�H]j (Fischerü< Rabin\�_��#�7£x"î
H�d, 1974)

2.3 ��ÇÙe�×Ï��æ·���§¤� ÃZ�bCm��¿Níâ»Çß�§,��/�×ÐÏ�ãÃ�×k�ë5Ñ¡�́O±Õ�¿�� Ø̧k�bCÐM�N±Ó
�§h�¤æ̧�¿P±Øm� âºø5�%K�V�

• ú́§�Érë�H]j[þts�s�
�_��¦o�\�5Åqô�Ç��. (\V) 0-1C�z©�G�Äºl�ë�H]j,ü@óøÍ"é¶ë�H]j, m-Ò�o}9��l�ë�H]j (m≥ 3),K�x9��Ðm�îß�
�r�Ðë�H]j1px1px

• s��Qô�Çë�H]j[þt�Ér��6£§]X�\�"f��Ò�¦ NP(Nondeterministic Polynomial)ë�H]j\�5Åqô�Ç��.

V� 3â�
 NPl�Òeµ
• þj&h�_�K�\�¦ ½̈���Hë�H]j(optimization problems) -þj&h�_�K�\�¦¹1Ô����ô�Ç��

• ���&ñ
ë�H]j(decision problems) -@/²ú�s� “\V” ¢̧��H “��m��̧”�Ðs�ÀÒ#Qt���Hë�H]j⇒s��:r�̀¦���>h��¦s�K��l�/'¹¡§

. #Q�"�þj&h�_�K�\�¦ ½̈���Hë�H]j\�@/ô�ÇK�²ú�Ü¼�ÐÂÒ'�Õª���&ñ
ë�H]j\�@/ô�ÇK�²ú��Ér$�]X��Ð���:r��.

. #Q�"�þj&h�_�K�\�¦ ½̈���Hë�H]j\�@/K�"f���½Ód��r�çß�·ú��¦o�7£§s�e�������,Õª·ú��¦o�7£§Ü¼�ÐÂÒ'�Õªë�H]j\�K�
{©����H���&ñ
ë�H]j\�@/ô�Ç���½Ód��r�çß�·ú��¦o�7£§�̧~1�>�Ä»ÆÒK�èqÃºe����.

. ����"f NPü< P\�¦��Ò�¦M:���&ñ
ë�H]jëß��¦�9K��̧Ø�æì�r���.

• �Ðl�:ü@óøÍ"é¶ë�H]j

. þj&h�_�K�\�¦ ½̈���Hë�H]j:
��×�æu��� e����H ~½Ó�¾Ó$í
 ÕªA�áÔ\�"f,ô�Ç &ñ
&h�\�"f Ø�¦µ1Ï�#� ���Ér �̧��H &ñ
&h��̀¦ &ñ
SX�y� ô�Ç���m��ëß� ~½Óë�H����"f,8úx
#�'����o���þj�è��÷&��H#�'���â
�Ð\�¦ ½̈�r��̧.

. ���&ñ
ë�H]j:
#Q�"��ª�Ãº ds�ÅÒ#Qt��¦,8úx#�'����o��� d\�¦�Å�t�·ú§��H�â
�Ð��e����Ht�\O���Ht�\�¦���&ñ
�r��̧.

• �Ðl�: 0-1C�z©�G�Äºl�ë�H]j:

. þj&h�_�K�\�¦ ½̈���Hë�H]j:
C�z©�\�V,��̀¦��s�%7�_�Áº>�ü<��u�\�¦·ú��¦e���̀¦M:,6 x|¾Ós�W��÷&��HC�z©�\���s�%7��̀¦8úxs�e��s�þj@/��÷&�̧
2�¤G�Äºr��̧.

. ���&ñ
ë�H]j:
6 x|¾Ós�W��÷&��HC�z©�\���s�%7��̀¦8úxs�e��s�þj�èô�Ç P��÷&�̧2�¤G�Ö�¦Ãºe����Ht�\�¦���&ñ
�r��̧.

3.1 Pÿ? NP
• Ça��+: P��H���½Ód��r�çß�·ú��¦o�7£§Ü¼�ÐÛ�¦Ãºe����H���&ñ
ë�H]j[þt_�|9�½+Ës���.

P\�5ÅqK�e����Hë�H]j[þt -&ñ
§>=ë�H]j,���Ò�oë�H]j,'��§>=Y�L!lrë�H]j1px.
P\�5ÅqK�e��t�·ú§�Érë�H]j - Presburger Arithmetic

• ~É�¤� (Verification): ���&ñ
ë�H]j_�²ú�s� “\V”���t�\�¦���7£x���H]X�	�.\V\�¦[þt#Qü@óøÍ"é¶���&ñ
ë�H]j_�²ú�s� “\V”�����,ô�Ç#�
'���â
�Ð��ÅÒ#Q&���̀¦M:,Õª�â
�Ð��õ����Õª���t�\�¦SX����ô�Ç��.

function verify(G: weighted-digraph;
d: number;
S: claimed-tour);

begin
if S is a tour and the total weight of the edges in S <= d then

verify := true
else

verify := false
end;
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s����7£x]X�	���H���½Ód��r�çß�îß�\�Ãº'��|̈cÃºe����.7£¤, d�Ð������Ér#�'���â
�Ð\�¦¹1Ô��H����s���m	כ (s�õ�&ñ
�Ér���½Ód��r�
çß�Ü¼�ÐK�����t�3lw½+ÉÃº �̧e����),ÅÒ#Q���#�'���â
�Ð�� d�Ð�����>����o���H�,���s	כ����t�\�¦·ú����Ð��H	כ

• j�Úr
Ça��\�(Nondeterministic)N±Ó�§h�¤æ̧:

1. ÆÒ8£¤éß�>�(Guessing state:q����&ñ
&h�e��):
ë�H]j_�{9�§4�s�ÅÒ#Qt����,éß�í�Hy�K�²ú��̀¦ÆÒ8£¤ô�Ç��. (ú́��̧îß��#��H²ú�s�#Q�̧�©��'a\O�6£§)

2. ���7£xéß�>�(Verification stage:���&ñ
&h�e��):
{9�§4�:{9�§4�õ�ÆÒ8£¤ô�ÇK�²ú�
Ø�¦§4�:

. “ú́�6£§”s�����H²ú��̀¦ÅÒ�¦"3�ð�r��

. “d�¦aË>”s�����H²ú��̀¦ÅÒ�¦"3�ð�r��

. Áºô�ÇÀÒáÔ

z�́]j�©�S!�\�"fs�q����&ñ
&h�·ú��¦o�7£§Ü¼�Ðë�H]j\�¦ÉÒ��H��ÉrÔ�¦��0px	כ���.Õª�Q����6£§õ�°ú �Ér�â
Äº\���Hq����&ñ
&h�·ú�
�¦o�7£§s����&ñ
ë�H]j\�¦ “ó�r��”�¦ô�Ç��:

. “\V” ²ú��̀¦×�¦{9�§4�\�@/K�"f���7£xéß�>��� “ú́�6£§” ²ú��̀¦×�¦ÆÒ8£¤ô�ÇK�²ú�s�e����.

. “��m��̧” ²ú��̀¦×�¦{9�§4�\�@/K�"f���7£xéß�>��� “ú́�6£§” ²ú��̀¦×�¦ÆÒ8£¤ô�ÇK�²ú�s�\O���.

• Ça��+: ���½Ód��r�çß�q����&ñ
&h�·ú��¦o�7£§ (Polynomial-time nondeterministic algorithm)s�êøÍÆÒ8£¤éß�>������½Ód��r�çß�·ú��¦
o�7£§���q����&ñ
&h�·ú��¦o�7£§�̀¦ ú́�ô�Ç��.

• Ça��+: NP(Nondeterministic Polynomial)��H���½Ód��r�çß�q����&ñ
&h�·ú��¦o�7£§\�_�K�"fÛ�¦Ãºe����H �̧��H���&ñ
ë�H]j_�|9�½+Ë
s���.

• 7£¤#Q�"����&ñ
ë�H]j\�@/K�"f���7£x�̀¦���½Ód��r�çß�\����H·ú��¦o�7£§s�e�������,Õª���&ñ
ë�H]j��H NP\�5Åqô�Ç��.��r�ú́��
���#Q�"����&ñ
ë�H]j\�¦Û�¦Ãºe����H���½Ód��r�çß�·ú��¦o�7£§�̀¦¹1Ô�̀¦Ãº\O��̀¦M:,���½Ód��r�çß�q����&ñ
&h�·ú��¦o�7£§�̀¦¹1ÔÜ¼���Õª
ë�H]j��H NP\�5Åqô�Ç��.Õª�Q���#Q�"����&ñ
ë�H]j��ÅÒ#Q&���̀¦M:,Õªë�H]j�� NPe���̀¦�Ð{9�Ãº��e����x�̀vm���?s����ë�H]j��H
a%~�Ér�<Æl�ú́�r�+«>ë�H]j��÷&��x°¹?

• P\�5Åq���H �̧��Hë�H]j��H{©����y� NP\��̧5Åqô�Ç��.

• NP\�5Åq�t�·ú§��Hë�H]j��H#Q�"��
s�e����H��?��ÀÒl�jËµ[þt��(intractable)�¦7£x"î	כs��)aë�H]j,7£¤ Haltingë�H]j, Presburger
Arithmeticë�H]j1pxs���.

• (×�æ¹כô�Ç��z�́) NP\�5Åqô�Çë�H]j×�æ\�"f P\�5Åq�t�·ú§��H���¦7£x"î
s��)aë�H]j��H����̧\O���.����"f�����̧ NP− P= /0
{9�t��̧ �̧�Ér��.Õª!3� P = NP?s���������s���z�́s	כ�_� �̧��H���&ñ
ë�H]j�� NP\�5Åq�l�M:ë�H\�Äºo�������H��_� �̧��H
ë�H]j�����½Ód��r�çß�·ú��¦o�7£§s�e������HE�l����)a��.��z�́ ú́§�Ér��|ÃÐ[þts� P 6= NP{9����s����¦Òqty	כ��¦e��l���H�t�
ëß���Áº�̧s��
7£x"î¦̀�	כ�t�3lw��¦e����H�.���s	כ

3.2 NP-Complete%K�V�
• NP-Complete\�5Åq���Hë�H]j×�æ\�"f#Q�"����ëß�s����̧ P\�5Åqô�Ç����H�s�µ1ß)�t����,���Ér	כ �̧��Hë�H]j�̧ P\�5ÅqK���
ô�Ç��.

• CNF(Conjunctive Normal Form) : x\�¦�7Ho����Ãº(logical variable)���¦����, x���ÃÐs�����H ú́��Ér x̄��H��f±	s�����H ú́�õ�
1lx{9����. x�� x̄��H o�'�XO�(literal)s��� ��¦, ∨ ���íß����Ð o�'�XO��̀¦ ���½+Ë���� ]X�(clause)s��� ô�Ç��. ∧�Ð ]X��̀¦ ����������
CNF���)a��.\V\�¦[þt���, (x̄1∨x2∨ x̄3)∧ (x1∨ x̄4)∧ (x̄2∨x3∨x4)��H CNFs���.

• CNF-Satisfiability Úr
Ça�%K�V�: CNF���ÃÐs� |̈cÃºe���̧2�¤�7Ho�°úכ(�ÃÐ ¢̧��H��f±	)�̀¦t�&ñ
½+ÉÃºe����Ht�_�#�ÂÒ\�¦���&ñ
���H
ë�H]j.
�Ðl�:

. (x1∨x2)∧ (x2∨ x̄3)∧ x̄2 - yes

. (x1∨x2)∧ x̄1∧ x̄2 - no

s����&ñ
ë�H]j��H NP\�5Åqô�Ç��.

• £o>».É(transformation) N±Ó�§h�¤æ̧:Û�¦�¦z�·�Ér#Q�"�ë�H]j\�¦ A���¦��¦,s�p�·ú��¦o�7£§�̀¦·ú��¦e����H#Q�"�ë�H]j\�¦ B���¦
���. A\�@/K�"f “\V”_�²ú��̀¦K�×�¦ �̧��H{9�§4��̀¦ B\�@/K�"f�̧ “\V”_�²ú��̀¦K�×�¦{9�§4�Ü¼�Ð���8̈����H·ú��¦o�7£§.Õª�Q
���,���8̈�·ú��¦o�7£§õ� B\�@/ô�Ç·ú��¦o�7£§�̀¦½+Ë����, A\�@/ô�Ç·ú��¦o�7£§s����:r��.

• Ça��+: A\�"f B�Ð ���½Ód��r�çß�\� ���8̈����H ·ú��¦o�7£§s�e�������, A��H “P-r�çß�(polynomial-time)��@/{9� »¡¤�è��0px(many-
one reducible)”����¦��¦, A ∝ B�Ð��H��.
����"fëß�{9� Bë�H]j\�@/K�"f P-time·ú��¦o�7£§s�e���¦, A\�"f B�Ð_����8̈�·ú��¦o�7£§�̧ P-times������,Õª¿º·ú��¦o�7£§�̀¦
½+Ë�<ÊÜ¼�Ð"f A\�@/ô�Ç P-time·ú��¦o�7£§�̀¦%3�>��)a��.

• Ça�h� 9.1:���&ñ
ë�H]j B�� P\�5Åq��¦ A ∝ Bs�������&ñ
ë�H]j A��H P\�5Åqô�Ç��.

• Ça��+:ëß�{9� (1)ë�H]j B�� NP\�5Åq��¦, (2) NP\�5ÅqK�e����H �̧��H���Érë�H]j A\�@/K�"f A ∝ Bs����, B��H NP-Complete��
�¦Ô�¦o�î�r��.

• #Q�"�ë�H]j�� NP-Complete���t�\�¦0A_� &ñ
_�\� ��H��K�"f7£x"î
���H {9��ÉrB�Äº#Q§>���.�=������ NP\�5Åqô�Ç �̧��Hë�H]j
��Õªë�H]j�Ð»¡¤�è��0px(reducible)�����H����#�Ð¦̀�	כ�l�M:ë�Hs���.Õª�Q����'��Û¼XO�>��̧, 1971̧�� Cooks���6£§_� 2
&ñ
o�\�¦7£x"î
Ùþ¡��.

• Ça�h� 9.2: (Cook’s Theorem) CNF-Satisfiabilityë�H]j��H NP-Completes���.

• Ça�h� 9.3:ëß�{9� (1)ë�H]j C�� NP\�5Åq��¦, (2)#Q�"� NP-Completeë�H]j B\�@/K�"f B ∝ Cs����, C��H NP-Completes���.

• Cook\�_�K�"f CNF-Satisfiabilityë�H]j�� NP-Completee���̀¦·ú���¤l�M:ë�H\�,ÅÒ#Q���ë�H]j�� NP-Complete���t������t�
��H0A_�&ñ
o� 9.3\�_�K�"fq��§&h�~1�>�7£x"î
½+ÉÃºe����.


